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Abstract. We present a measure that estimates the interpretability of
a frequent subgraph. We show that a feature selection algorithm that
uses this measure creates a set of features that is smaller and equally
predictive as features obtained in earlier studies. A significant number
of the selected features turn out to be trees or cyclic graphs, leading us
to the conclusion that such features are not as useless as suggested in
some earlier studies. Finally, we show that a constraint on this measure
can be pushed in the mining process, thus leading to faster discovery of
interesting subgraphs.

1 Introduction

One of the most important applications of graph mining is the analysis of molecu-
lar datasets, where the aim is to predict accurately if an unseen molecule exhibits
a certain chemical activity or not. Traditional methodes proposed in the chemo-
informatics community rely mostly on paths, but the data mining community
has started the use of subgraphs in the hope of obtaining better classifiers, where
both frequent pattern mining [10,7] and kernel approaches [6,9] have been in-
vestigated.

In two recent papers, however, it was suggested that the additional complex-
ity of taking into account subgraphs may not be justified [2,9]. It was reported
that for a large number of classifiers and a large number of datasets, features
based on paths yield more accurate classifiers.

In the local pattern mining approach, which is used for example in [2], classi-
fication is typically approached as follows. First, given a dataset, a set of patterns
(in this case, paths or subgraphs) is computed. During this search, a constraint
is enforced such that only patterns are found that have sufficient correlation with
the activity of the molecules; for instance, the subgraph should occur more often
in the active molecules than in the inactive ones.

Second, each pattern is used to create a new feature for the molecules: if a
molecule contains a certain pattern, the feature correponding to the pattern gets
value 1 (or true), otherwise the feature has value 0 (or false). On the resulting
set of features, a classifier, such as a decision tree, is learned. This decision tree
is finally used to predict the activity of new molecules.

It is indeed an interesting observation that a set of paths can contain the
same amount or even more information than a set of subgraphs. An equally
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interesting question is how these results can be explained. We believe that there
are several possible explanations:

— in [2] feature sets of equal size were determined for each type of pattern; if
one considers the contingency tables that achieve the best correlation values,
there are usually significantly more subgraphs with exactly that table than
there are subpaths, yielding features that are more correlated among each
other in case a fixed number of subgraphs are used;

— if subgraphs are considered, the amount of possible features is much larger;
thus the risk of overfitting to the training data is also much larger.

In the study of [2] it was reported that by relaxing the correlation constraint,
a more accurate classifier can be obtained. One could explain this by the argu-
ment that the resulting additional features are in this case less correlated among
eachother.

In this paper, we investigate these observations further. Concretely, we pro-
pose a measure to drastically cut down the number of frequent subgraphs that
are used as features, thus yielding classifiers that are more interpretable, and we
propose a feature selection method to avoid redundancy among the features. We
show that the interpretability constraint can be pushed in the mining process,
thus showing that there are efficient ways to search for patterns that are still
simple, but also cyclic.

The paper is organized as follows. In section 2 we briefly reintroduce the
formal concepts that are important in this paper. In section 3 we introduce our
notion of interpretable subgraphs. In section 4 we show how a constraint on in-
terpretable subgraphs can be pushed in the mining process. Section 5 introduces
our feature selection algorithm. Section 6 concludes.

2 Concepts

An essential task in the local pattern mining scenario is the computation of a
relevant set of patterns. In the data mining community, these features are often
determined using a frequent subgraph mining algorithm. To formalize what a
frequent subgraph is, we need the following definitions.

Definition 1 (Graphs). An undirected, labeled graph G(V, E, A\, X)) consists of
a finite set V' of vertices, a set E C {{u,v}|u,v € V,u # v} of edges, an alphabet
XY and a labeling function A : (VUE) — X.

Definition 2 (Connected Graphs). A graph G(V, E, \, X)) is called connected
iff for each pair of nodes u,v € V there is a sequence of nodes vi,...,v, in'V
with v1 = u and v, = v and {v;,v;41} € E.

In this paper, we only consider connected graphs.

Definition 3 (Graph Isomorphism). Graphs G(V, E,\, X)) and G'(V', E', X', 2)
are called isomorphic if there exists a bijective function f :V — V' such that:

Yo eV :iA(v) =N(fw)ANE ={{f(v1), f(va)}[{vi,v2} € E'} AVe € E: A(e) =

N (f(e)).



Mining Interpretable Subgraphs 75

Definition 4 (Subgraph). Given a graph G(V,E,\, X), G'(V',E'" N, X") is
called a subgraph of G iff V. CV ANE CEAYv e V' : A(V') = A(v) AVe € E:
Ae') = Ae).

If a graph H has a subgraph H’ such that a graph G is isomorphic with H’,
then G is said to be subgraph isomorphic with H, denoted by H > G; fuction f
defines how subgraph G can be embedded in the larger graph H. The set of all
embeddings of G in H is denoted by Fy»g.

Definition 5 (Frequent Subgraph). Given a collection D of graphs and a
graph G, the frequency of G, denoted by freq(G,D), is the cardinality of the
set {G' € D|G' = G}. A graph G is frequent if freq(G,D) > minsup, for a
predefined threshold minsup.

The problem that is solved by a frequent subgraph mining algorithm is to find
all subgraphs that are frequent in a dataset. In the molecular setting the set of
frequent subgraphs is usually computed on the active set of molecules, and their
corresponding frequencies on the inactive set of molecules are computed later.

Several algorithms have been proposed to solve the frequent subgraph min-
ing problem, among which gSpan [10], GASTON [7] and MoFA [5,8]. All these
algorithms exploit the fact that the frequency constraint is anti-monotonic: if
G »= H, then freq(G) < freq(H). As a consequence of this property, algorithms
do not need to consider all possible subgraphs of a database to find all frequent
ones: it is possible to search from small to large subgraphs, and stop searching
if a large graph is not frequent any more.

An important issue that subgraph miners have to address, is that there are
many ways to construct isomorphic subgraphs. For instance, a molecular frag-
ment consisting of an oxygen (O) connected to a carbon (C), can be obtained
by connecting either a carbon to an oxygen, or by connecting an oxygen to a
carbon. To avoid duplicates, only one of these two extensions should be allowed.
Most subgraph miners solve this issue by using a canonical code that restricts in
what ways a subgraph can be extended.

The degree of a node v, denoted by deg(v), is the number of nodes to which
the node is directly connected by the edges in the graph. Several simple classes
of subgraphs have been studied. A (free) tree is a connected graph in which
|[V| = |E| + 1; a path is a tree in which no node has a degree higher than 2.

Assume that there are two graphs H and G, such that H = G, and freq(G) =
freq(H), then for the purpose of classification graph H can be considered redun-
dant: it covers exactly the same set of molecules as GG, but is more specific, and
therefore more likely to overfit. Therefore, it is often useful to restrict the search
to subgraphs G for which there is no subgraph H for which freq(G) = freq(H).
Such subgraphs are called free subgraphs. If there is no supergraph H for which
freq(G) = freq(H), then subgraph G is called a closed subgraph.

Finally, if we know the frequency of a subgraph in both a set of active and
inactive molecules, we can compute its correlation with that activity; this score
—typically the result of a x? test— can be used to rank patterns. A top-k
pattern miner finds all k subgraphs that obtain the highest positions in this
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ranking. The motivation is that only the highest scoring subgraphs are expected
to be important to classify molecules.

In [2], the classification of molecules was approached using a top-k free pat-
tern mining algorithm. For several values of k the highest scoring patterns were
determined; these patterns were used to build classifiers. Trees, graphs and paths
were considered as pattern domains. It was concluded in many cases that clas-
sifiers based on paths achieved the highest predictive accuracy.

3 Interpretable subgraphs

A situation that occurs in many molecular data mining applications, is illus-
trated by the following example. Assume that we have a (hypothetical) database
containing the following two highly active molecules:

Then we can derive the following substructure, which tries to encode a disjunc-
tion of these two graphs, but which is chemically hard to interpret, as it contains
only part of an aromatic ring:

In this subgraph, some edges have been selectively included or excluded to obtain
the best fit to the data. This subgraph shows that there is sometimes a tension
between interpretability and predictive accuracy of subgraphs:

— if this subgraph obtains a superior accuracy score, one could believe that it
is desirable that it is found;

— if this subgraph cannot be interpreted without looking through an enormous
set of embeddings in the data, it may not be useful that it is found.

Thus, by interpretability we mean that less additional information has to be
considered before the true value of the pattern can be determined by an expert.

A further problem is the size of the search space. If one allows individual
removal or inclusion of edges, the search space becomes larger. As a result of the
additional features, accuracy can increase, but on the other hand, if there are
so many features to consider, it will be harder to interpret the features and to
determine which of the features are really of interest.

These issues also important when building accurate classifiers. On the one
hand, tweaking of substructures can be desirable, as it could yield a better fit
to the data; on the one hand, if too much tweaking is allowed, we might overfit
to the data. It is a well-known problem to balance these issues.

Until now, two solutions are prevalent. In the approaches based on gSpan
or GASTON [10,7] the interpretability of subgraphs is neglected, thus allowing
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structural tweaking as in the example above. In MoFA [5, 8] the issue is addressed
by hard-coding structural preference in the search: for example, rings of length
5 or 6 are marked as special structural elements, and edges of such rings can
never be added individually, yielding more interpretable subgraphs and smaller
search spaces, but disallowing potentially interesting subgraphs such as in the
example above.

In this paper, we investigate an approach in which there is a parameter to
balance interpretability and structural freedom. We wish to allow structural free-
dom, but want to implement a measure that allows us to express our preference
for structures that are not too incomplete. There are many conceivable measures.
Here, we take an approach that is based on considering how graphs match to
the data. What we can observe in general for the example fragment, is that it is
incomplete: in every embedding of this subgraph, we can connect an additional
edge to the fragment. If we consider the original molecules as fragments, they are
more ‘complete’: there would usually be less possibilities to connect additional
edges to an embedding. Therefore, a reasonable measure seems to be based on
the number of edges that can be connected to an embedding of the subgraph.

Formally, we can compute this as follows:

missing(f) = Y deg(f(v)) — deg(v),
veVg

which is the number of edges that can be connected to the embedded subgraph.
For a database D of graphs we can compute

ZHED,GQH minger,, o missing(f)
[{H € D|H = G}|

missing(G) =

We believe that it is reasonable to consider only the best possible embedding
(for example, an average over all embeddings would be skewed as the number of
embeddings can be exponential), therefore we choose to minimize the missing
value. The measure clearly reflects the number of possibilities for extending the
pattern in the minimal case.

The use of this measure can be two-fold. We can use it to express a preference
between structures that are more or less equivalent otherwise, thus in principle
still allowing unlimited structural freedom. Another possibility is to enforce a
constraint on this measure. In this case, we might not find some well-scoring sub-
structures any more. On the other hand, structures satisfying such a constraint
would have the advantage that the resulting substructures are usually easier to
interpret, and the possibilities for overfitting are reduced.

It is important to observe that this constraint is neither monotonic nor
anti-monotonic. A given subgraph with a low missing value can obtain a high
missing value after extenion: assume that the newly added node is always con-
nected to many other nodes in the data, then missing will go up. On the other
hand, the missing value can also go down. If we add an edge to the exam-
ple fragment, we can obtain the second example molecule. This graph has less
missing edges.
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4 Pushing the missing constraint

Although the missing(G) < maxmissing constraint is neither monotonic nor
anti-monotonic, it is still possible to push the constraint in the mining process.
The reason is that in subgraph mining, the canonical form limits how we are
allowed to refine a subgraph. It is not possible to connect a new edge to every
possible node in a subgraph to avoid duplicates. Therefore, for a certain embed-
ding, we can determine that we will never get rid of some of the ‘missing’ edges
as the search procedure does not allow for adding these missing edges. If the
number of mising edges that we are not allowed to get rid off, is too large, we
can stop refining the subgraph and prune the search space.

As an example, we use the DFS canonical code of gSpan; for more details
about this canonical code, consult [10]. Consider the subgraph given below.

1(w)
2 5
3 6
4(c

We assume that the label N is lower than the label C. Then in gSpan the
canonical DFS code of this graph is (assuming all edges are labeled with A):

(L,2,N,A,C)(2,3,C,A,C)(3,4,C, A, C)(1,5,N, A, C)(5,6,C, A, C),

where (x,y,01,02,03) denotes that there is an edge from node v, to node v,
with label o9; the label of v, and v, is 01 and o3, respectively. According to
gSpan’s canonical code, we can only connect new edges to the rightmost path.
Thus, nodes 2, 3 and 4 cannot be extended any more. Furthermore, in the DFS
code, among siblings, the lowest label must be listed first. This means that we
cannot connect a node with label N to node 1 of the example graph.

For a given node v in a subgraph, and an embedding f of this subgraph, let
sdeg(v) be the static degree of the node. We define the static degree to be the
number of sibling edges of f(v) that can not be added to the subgraph, either
because they are already in the subgraph, or because the canonical code does
not allow it. Then for an embedding we can compute

smissing(f) = Z sdeg(v) — deg(v).
veVa

For a given graph H in the database and a pattern graph G, we can determine
whether

min smissing(f) < maxmissing.
f€Fura

If there is no database graph in which this condition holds, we do not need to
refine the subgraph, as the average missing value can never become low enough
to satisfy the constraint.
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Name ‘Size class 1 Size class 2
NCI HIV 417 1069
Mutagenicity I [7] 2401 1936
Mutagenicity IT [4] 341 343
Biodegradability [1] 143 185
PTE [10] 340 —

Table 1. Properties of the datasets used in the experiments

In principle, to decide which edges can be connected to a subgraph accord-
ing to the canonical form is computationally hard, as we need to solve graph
isomorphism. However, the above given two rules can be used to approximate
sdegp(v): nodes are static if either (1) they are a sibling of a node not on the
rightmost path or (2) they are a siblings of a node on the rightmost path, but
the label is too low. This approximation will not influence the correctness of the
algorithm, as it underestimates the number of missing edges.

Ezperimental FEvaluation To test the influence of this pruning rule we have per-
formed several experiments with an implementation of gSpan that includes this
constraint. The properties of the datasets are listed in Figure 1.

We first performed experiments on the predictive toxicology dataset (PTE).
Runtime experiments were performed on an Intel Pentium M processor running
at 1.1Ghz, and are listed in Table 2. In this table, the number of processed
subgraphs is the number of subgraphs that is enumerated by the graph mining
algorithm, including subgraphs for which missing is too high. We can observe

min-|  maz- # processed
sup|missing|runtime subgraphs min-l  mam- # processed
32 oo 5.9s 930 sup|missing|runtime subgraphs
:132 2.0 42.;s 418? 200 o] 298.7s 2244
" ool o o107 200, 3.0/ 298.9s 2231
: re 200 2.0| 279.5s 2115
10 oco| 261.8s 22758 150 sol 590.5s 6367
10 4.0/ 108.9s 13472 '
1 2. .
10 30| 57.0s 9449 o0 0 533.9s P10
10 2.00 19.9s 5344

Table 3. Experiments on the Muta-

. genesis I dataset
Table 2. Experiments on the PTE

dataset

that the runtime improvement is much larger than the number of processed
subgraphs. The reason is that especially large subgraphs, for which computing
subgraph isomorphism is more expensive, are pruned.

Next, we performed a set of experiments on the Mutagenesis I dataset. Exper-
iments were performed on an Intel Pentium IV running at 3.2Ghz. The minimum
support threshold applies to the set of active molecules. We observe that on this
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dataset the influence of the constraint is almost negligible. A possible explanation
is that in this dataset the molecules were encoded without hydrogens (contrary
to the PTE dataset). Consequently, the branching factor of nodes in the data is
lower. A larger amount of the nodes therefore already have low missing value.
The pruning opportunities are therefore reduced.

Finally, we performed an experiment in which the NCI HIV dataset was used;
we determined the frequent patterns in the active molecules, and evaluated the
patterns also on the moderately active ones. The experiments were performed
on an Intel Pentium IV 3.2Ghz again. For a minimum support of 6% we deter-
mined that the runtime without constraint was 1500s, while it was only 691s if
a maxmissing constraint of 3.0 was applied. In this dataset the hydrogens were
not included in the encoding. Apperently, the amount of speed-up is not only
dependent on this encoding.

Dataset [minsup[Frequent Interpretable
Mutagenesis I 2.5%| 48583 132
Mutagenesis 11 2.5% 57T 208
Mutagenesis 11 5.0% 1005 103
HIV 6.0%| 371374 350
HIV 7.5% 58380 264
Biodegradability| 2.5%| 168033 206
Biodegradability| 5.0%| 34839 88

Table 4. Experiments showing the reduction in subgraphs by applying the
maxmissing constraint

Finally, in Table 4 the results are reported of an experiment in which we com-
pared the number of frequent subgraphs in the output of gSpan with and without
a marmissing = 3.0 constraint. This shows that the maxmissing constraint is
very effective in reducing the number of subgraphs.

5 Ranking patterns

As discussed in the introduction, the simplest approach to rank subgraphs is to
order them according to the y? statistic of their correlation with the activity
of molecules. However, such an absolute ordering may not always be justified.
Assume that we have two subgraphs of which the TID lists (i.e., the lists of
graphs in the database to which they map) are almost equal, then it might not
be justified to prefer the one pattern above the other pattern; the small difference
might just be noise in the data. For every pattern, we can therefore define a set
of patterns that is close to it in terms of TID list, and for which we have no
reason to prefer one pattern above the other.

One way then to cut the ties between patterns with almost equal TID lists,
is to use the missing score. Thus, assuming that we have sorted all patterns on
X2, we can apply this procedure:
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1. Among the set of all patterns within a close distance from the topmost
pattern, pick the pattern that scores best according to the missing score.
Add this pattern to the result set.

2. Remove all patterns that are close to the chosen pattern (which includes the
best pattern), including the chosen pattern.

3. Go to step 1 for the remaining sorted list of patterns.

Observe that if two graphs have equal TID lists, and one is a subgraph of the
other, the missing score can still cut ties. However, one cannot predict whether
the subgraph or the supergraph will be preferred. Thus, we do not imply either
closed subgraph mining or free subgraph mining.

Parameters in this procedure are the distance measure and the threshold
on this measure. Currently, we have chosen symmetric difference as distance
measure. As a rule of thumb, the threshold on the distance is lower than the
minimum support threshold.

We first performed an experiment on the Mutagenesis I dataset. We used
a minimum support of 150, a distance threshold of 30, and no interpretability
constraint. The total number of frequent patterns was 6367. If we apply the
selection procedure given above, 297 fragments remain. The best 8 fragments
are given below. For each fragment its x? value and its missing value are given.

(1) 401. 0/43 (2) 384.8/1.8 (3) 364.9/4.0  (4) 352.8/3.1

%l

(5) 348.5/4.6 (6) 337.4/3.2 (7) 334.4/35  (8) 327.5/5.3

We can observe that there is a large number of fragments involving aromatic
bonds, which are labeled with ‘100’ in these figures. The first, third and fourth
fragment still have significant differences in TID lists. Please note that the long
chains in the patterns are not chains in the data. The method of [8] would not
prune them. An example of a molecule that does not contain the first fragment,
but does contain the third fragment, is given below:
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The problem is that the information of how this pattern matches (i.e., if the
non-branching chain in the pattern is also a non-branching chain in the data, as
one could be tempted to think), is not readily available from the pattern and a
closer inspectation of patterns and data is required; there might also be other
explanations. It is not obvious for what reasons this particular fragment matches
as good as it does.

If however we apply a maximum value of 3.0 as constraint on the missing
value, the number of frequent fragments that satisfies the constraint falls down to
54. With the algorithm given above, using a threshold distance of 30, 44 become
selected. The best 8 fragments are given below:

“*1“

) 384.8/1.8 (2) 322.8/2.9  (3) 303.2/2.0 ) 312.1/1.9

(5) 304.9/2.0 (6) 288.4/2.7  (7) 238.9/2.9  (8) 227.9/3.0

To a certain extent, we still have similar effects as in the previous experiment.
The fifth fragment only contains one aromatic bond, because the given group can
connect to any aromatic ring, not only a six-ring, like in the seventh fragment.
The effects are however much smaller.

Next, we performed several experiments on this dataset to compare the clas-
sification accuracies of several classes of fragments. To make the results compa-
rable to the results obtained in [2], we took the same settings as in that paper,
except that we used our new algorithm to select the cyclic subgraphs that are
used as features; so, the results are obtained after 10 fold crossvalidation, using
implementations of Weka [3]. We restricted ourselves to the C4.5 decision tree
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Mutagenesis 1 Mutagenesis 11 Biodegradability
Algorithm Number of|Accuracy||Number of|Accuracy||Number of|Accuracy
features features features
Paths 100 76.37 100 70.90 100 76.22
1000 79.73 1000 71.63 1000 74.10
Trees 100 70.94 100 70.39 100 71.96
1000 74.83 1000 71.55 1000 76.07
Graphs 100 70.79 100 70.53 100 71.82
1000 74.68 1000 72.06 1000 71.20
Selection 2.5% |82 79.94 93 76.02 83 72.56
Selection 5.0% |48 78.35 58 70.91 54 72.87

Table 5. Accuracies on the Mutagenesis I, Mutagenesis I and Biodegradability
datasets; Selection 2% denotes that a minimum support of 2% was used

Algorithm |Number of|Accuracy|Algorithm Number of|Accuracy
features features
Paths 100 77.46 Selection 6.0% 4 |107 82.77
1000 83.21 Selection 6.0% 8 |93 82.30
Trees 100 77.06 Selection 7.5% 4 |94 82.77
1000 75.95 Selection 7.5% 8 |83 82.55
Graphs  |100 77.06
1000 75.95

Table 6. Accuracies on the NCI HIV dataset; Selection 2% v denotes that a minimum
support of £% was used and a maximum distance of y

learner, as this algorithm achieved the best results in all experiments in [2]. Re-
sults are listed in Table 5 and 6; results for Paths, Trees and Graphs are copied
from [2].

In all cases maxmissing was fixed to 3.0. The distance threshold was 60
on Mutagenesis I, 2.5% on Mutagenesis 11, and 2.5% on Biodegradability. In-
terestingly, we achieve similar classification accuracies as for the paths in most
cases; only on the biodegradability dataset our results are disappointing. The
set of features that is passed to C4.5 is smaller in all cases. Also in terms of the
size of the decision tree, our classification method seems more interpretable; for
example, a decision tree learned on the entire Mutagenesis I dataset using 1000
paths, contains 196 leaves, while the tree that is built on our features contains
104 leaves.

Comparing these tables to table 4, the largest reduction in the number of
features stems from the maxmising constraint.

In addition to the minimum support threshold, we also varied the distance
threshold on the NCI HIV dataset. Most results do not seem to be very sensi-
tive to the choice of the parameters, with the exception perhaps of the minsup
threshold on the Mutagenesis II dataset.
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6 Conclusions

We argued that there is a general trade-off between pattern representations,
mining efficiencies and classification accuracies. To illustrate this, we developed
a measure to quantify the interpretability of a subgraph, and showed that this
measure could be pushed in the mining process, with mixed success. We per-
formed experiments with the features that were selected using a feature selection
method that takes this measure into account, and found that the classifiers were
accurate in most cases, and possibly more interpretable.

There are many open issues in this approach. A broader study of inter-
pretability measures might yield measures that approximate the average chemist’s
idea of interpretability better. For instance, one could also base an interpretabil-
ity measure on how well examples cluster on the frequent supergraphs of a sub-
graph. We used an ad-hoc method to prefer structures that achieve a higher
interpretability score, but a more principled approach would be desirable. Fi-
nally, in most experiments we applied feature selection only on pruned features.
Our feature selection method did not work efficiently on large amounts of fea-
tures. How to optimize this method is also an open question.
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