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Abstract. We prove the correctness of a two-way sliding window protedth pig-
gybacking, where the acknowledgments of the latest redelaga are attached to the
next data transmitted back into the channel. The windowdibmth parties are con-
sidered to be finite, though they can be of different sizesskigav that this protocol is
equivalent (branching bisimilar) togair of FIFO queues of finite capacities. The pro-
tocol is first modeled and manually proved for its correcsringhe process algebraic
language 0f:CRL. We use the theorem prover PVS to formalize and to mechHi
prove the correctness. This implies both safety and live@sder the assumption of
fairness).

Keywords. two-way sliding window protocol, specification inCRL, verification
with PVS, a pair of FIFO queues

1. Introduction

A sliding window protocol [6] (SWP) ensures successful srarssion of messages from a
sender to areceiver through a medium, in which messageseh&ysty Its main characteristic
is that the sender does not wait for incoming acknowledgeiegfiore sending next messages,
for optimal use of bandwidth. Many data communication systénclude a SWP, in one of
its many variations.

In SWPs, both the sender and the receiver maintain a buffercédsider awo-way
SWP, in which both parties can both send and receive dataeaksrfrom each other. One way
of achieving full-duplex data transmission is to have twpasate communication channels
and use each one for simplex data traffic (in different dioexs). Then there are two separate
physical circuits, each with a forward channel (for dataj ameverse channel (for acknowl-
edgments). In both cases the bandwidth of the reverse chiaredenost entirely wasted. In
effect, the user is paying for two circuits but using the @ityaof one. A better idea is to
use the same circuit in both directions. Each party maistiio buffers, for storing the two
opposite data streams. In this two-way version of the SWRcknowledgment that is sent
from one party to the other may get a free ride by attachingat dlata element. This method
for efficiently passing acknowledgments and data elemémtgh a channel in the same
direction, which is known agiggybackingis used broadly in transmission control protocols,
see [39]. The main advantage of piggybacking is a better tisgaslable bandwidth. The
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2 B. Badban et al. / Mechanical Verification of a Two-Way SWP

extra acknowledgment field in the data frame costs only a fiésy Whereas a separate ac-
knowledgment would need a header and a checksum. In addgeer frames sent means
fewer ‘frame arrived’ interrupts.

The current paper builds on a verification of a one-way varsiche SWP in [8,1]. The
protocol is specified ipCRL [14], which is a language based on process algebra atcebs
data types. The verification is formalized in the theorenverd®VS [28]. The correctness
proof is based on the so-callednes and foamethod [17,9], which is a symbolic approach
towards establishing a branching bisimulation relatiolne Btarting point of the cones and
foci method are twq.CRL specifications, expressing the implementation and dwred
external behavior of a system. #tate mappingy relates each state of the implementation
to a state of the desired external behavior. Furthermoesusier must declare which states
in the implementation arocus pointswhereby each reachable state of the implementation
should be able to get to a focus point by a sequence of hiddesitions, carrying the label
If a number ofmatching criteriaare met, consisting of equations between data objects, then
statess and ¢(s) are branching bisimilar. Roughly, the matching criteria:dd) if s — s’
theng(s) = ¢(s'), (2) each transitios - s’ with a # 7 must be matched by a transition
#(s) = ¢(s'), and (3) ifs is a focus point, then each transitionddfs) must be matched by a
transition ofs.

The main motivations for the current research is to provideeghanized correctness
proof of the most complicated version of the SWP in [39], udthg the piggybacking mech-
anism. Here we model buffers (more realistically) as orddists, without multiple occur-
rences of the same index. Therefore two buffers are equuglibiley are identical. That is,
any swapping or repetition of elements results in a diffeberffer. It was mainly this shift to
ordered lists without duplications (i.e. each buffer isqusly represented with no more that
once occurrence of each index), that made this verificatkencese hard work. Proving that
each reachable state can get to a focus point by a sequeneganfsitions appeared to be
considerably hard (mainly because communication stegsedito data streams can happen
simultaneously).

The medium between the sender and the receiver is modelddssyajueue of capacity
one. With buffers of size&n; and2n,, and windows of sizeg, andn,, respectively, we
manually prove that the external behavior of this protosdranching bisimilar [43] to a pair
of FIFO queues of capaciBn, and2n,. This implies both safety and liveness of the protocol
(the latter under the assumption of fairness, which intelyi states that no message gets lost
infinitely often).

The structure of the proof is as follows. First, we linearilze specification, meaning
that we get rid of parallel operators. Moreover, commuimdcedctions are stripped from their
data parameters. Then we eliminate modulo arithmetic,guamidea from Schoone [35].
Finally, we apply the cones and foci technique, to prove tinalinear specification without
modulo arithmetic is branching bisimilar to a pair of FIFOeges of capacit@n,; and2n..
The lemmas for the data types, the invariants, the transftboms and the matching criteria
have all been checked using PVS 2.3. The PVS files are avaN@dhttp: //homepages .
cwi.nl/~vdpol/piggybacking.html.

A concise overview of other verifications of SWPs is presgnteSection 1.1. Many
of these verifications deal with either unbounded sequenaogbers, in which case the in-
tricacies of modulo arithmetic disappear, or a fixed finitedaw size. Papers that do treat
arbitrary finite window sizes in most cases restrict to ggbeoperties.

The remainder of this paper is set up as follows. Sectionsldedicated to the related
works ([8]). In Section 2 the CRL language is explained. In Section 3 the data types needed
for specifying the protocol are presented. Section 4 feattineCRL specifications of the
two-way SWP with piggybacking, and its external behaviorSkction 5, three consecutive



B. Badban et al. / Mechanical Verification of a Two-Way SWP 3

transformations are applied to the specification of the SiWHnearize the specification,

eliminate arguments of communication actions, and getfridadulo arithmetic. In Section

6, properties of the data types and invariants of the tramsdd specification are formulated;
their proofs are in Appendix.B. In Section 7, it is provedtttiee three transformations pre-
serve branching bisimilarity, and that the transformeadgpation behaves as a pair of FIFO
gueues. In Section 8, we present the formalization of théie@tion of the SWP in PVS. We

conclude the paper in Section 9.

1.1. Related Work

Sliding window protocols have attracted considerableregefrom the formal verification
community. In this section we present an overview. Many efsthverifications deal with
unbounded sequence numbers, in which case modulo arithieetvoided, or with a fixed
finite buffer and window size at the sender and the receiaseGtudies that do treat arbitrary
finite buffer and window sizes mostly restrict to safety mdjes.

Unbounded sequence numberStenning [38] studied a SWP with unbounded sequence
numbers and an infinite window size, in which messages camsbeduplicated or reordered.

A timeout mechanism is used to trigger retransmission. ritgngave informal manual
proofs of some safety properties. Knuth [24] examined mereegal principles behind Sten-
ning’s protocol, and manually verified some safety propertHailpern [18] used temporal
logic to formulate safety and liveness properties for Sitagia protocol, and established their
validity by informal reasoning. Jonsson [21] also verifiedety and liveness properties of
the protocol, using temporal logic and a manual compostigarification technique. Rusu
[34] used the theorem prover PVS to verify safety and livermeperties for a SWP with
unbounded sequence numbers.

Fixed finite window size Vaandrager [40], Groenveld [11], van Wamel [44] and Bezenh an
Groote [3] manually verified in process algebra a SWP withdeum size one. Richieet al.
[32] specified a SWP in a process algebra based languagéeHRiand verified safety prop-
erties for window size up to eight using the model checkeraXedadelaine and Vergamini
[27] specified a SWP in Lotos, with the help of the simulatiomieonment Lite, and proved
some safety properties for window size six. Holzmann [1Pu&@d the Spin model checker
to verify safety and liveness properties of a SWP with seqgegrumbers up to five. Kaivola
[23] verified safety and liveness properties using modetkimg for a SWP with window
size up to seven. Godefroid and Long [10] specified a full dw{ WP in a guarded com-
mand language, and verified the protocol for window size tgiogia model checker based
on Queue BDDs. Stalet al.[37] used a combination of abstraction, data independeoce;
positional reasoning and model checking to verify safety lareness properties for a SWP
with window size up to sixteen. The protocol was specifiedronfrela, the input language
for the Spin model checker. Smith and Klarlund [36] speciGe8WP in the high-level lan-
guage I0OA, and used the theorem prover MONA to verify a sgbetyperty for unbounded
sequence numbers with window size up to 256. Jonsson ansbNi[22] used an automated
reachability analysis to verify safety properties for a SWikh a receiving window of size
one. Latvala [25] modeled a SWP using Coloured Petri netszehéss property was model
checked with fairness constraints for window size up toestev

Arbitrary finite window size Cardell-Oliver [5] specified a SWP using higher order logic,
and manually proved and mechanically checked safety ptieparsing HOL. (Van de Snep-

scheut [41] noted that what Cardell-Oliver claims to be anigss property is in fact a safety
property.) Schoone [35] manually proved safety propeftieseveral SWPs using assertional
verification. Van de Snepscheut [41] gave a correctnessf pfom SWP as a sequence of
correctness preserving transformations of a sequentigram. Paliwoda and Sanders [29]
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specified a reduced version of what they call a SWP (but wihsich fact very similar to the
bakery protocol from [12]) in the process algebra CSP, amifie® a safety property mod-
ulo trace semantics. Rockl and Esparza [33] verified theectmess of this bakery protocol
modulo weak bisimilarity using Isabelle/HOL, by expligithecking a bisimulation relation.
Chkliaevet al.[7] used a timed state machine in PVS to specify a SWP with adihmech-
anism and proved some safety properties with the mechasupglort of PVS; correctness is
based on the timeout mechanism, which allows messages meat®eims to be reordered.

2. uCRL

1CRL [14] (see also [16]) is a language for specifying disttdal systems and protocols in an
algebraic style. It is based on the process algebra ACP [2heéed with equational abstract
data types [26]. We will use: for equality between process terms aatbr equality between
data terms.

A 1CRL specification of data types consists of two parts: A digireaof function sym-
bols from which one can build data terms, and axioms thatdadum equality relation on data
terms of the same type. They provide a loose semantics, ngp#mat it is allowed to have
multiple models. The data types needed for pGRL specification of a SWP are presented
in Section 3. In particular we have the data sort of booleans with constantsrue and
false, and the usual connectivesV, -, — and«. For a booleanh, we abbreviaté = true
tob andb = false to —b.

The process part i CRL is specified using a number of pre-defined process algebra
operators, which we will present below. From these opesatoe can build process terms,
which describe the order in which the atomic actions fromtaenay happen. A process
term consists of actions and recursion variables combigekdoprocess algebraic operators.
Actions and recursion variables may carry data paramelfaese are two predefined actions
outsideA:  represents deadlock, amch hidden action. These two actions never carry data
parameters.

Two elementary operators to construct processesaayeential compositigmvrittenp-q,
andalternative compositiorwrittenp+ ¢. The processg-q first executeg, until p terminates,
and then continues with executinglhe procesg+¢ non-deterministically behaves as either
p or ¢. Summatiord ;. , p(d) provides the possibly infinite non-deterministic choicewoa
data typeD. For example) . a(n) can perform the action(n) for all natural numbers.
Theconditionalconstruc < b > ¢, with b a data term of sorBool, behaves agif b and as;
if —b. Parallel compositior || ¢ performs the processesndg in parallel; in other words, it
consists of the arbitrary interleaving of actions of thegqesse® andq. For example, if there
is no communication possible between actiarendb, thena || b behaves aa-b) + (b-a).
Moreover, actions fronp andg may also synchronise to a communication action, when this is
explicitly allowed by a predefinecommunication functignwo actions can only synchronise
if their data parameters are equBhcapsulatiordy (p), which renames all occurrences in
p of actions from the set{ into 9, can be used to force actions into communication. For
example, if actions andb communicate te, thend, s (a || b) ~ c. Hiding 7z(p) renames
all occurrences i of actions from the sef into 7. Finally, processes can be specified by
means of recursive equations

X(dy:Dy,...,dp:D,) = p

where X is a recursion variable]; a data parameter of typP; fori = 1,...,n, andp
a process term (possibly containing recursion variablestae parameters;). For exam-
ple, let X (n:N) ~ a(n)-X(n + 1); then X (0) can execute the infinite sequence of actions

CL(O)-CL(l)-CL(?) Ce
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Definition 1 (Linear process equation)A recursive specification is a linear process equa-
tion (LPE) if it is of the form

X(d:D) = > Y " a;(fi(d, €)X (g;(d, e;)) < hj(d,e;) & 0

jeJ ej:Ej
with J a finite index setf; : D x E; — D;,g; : D x E; — D, andh; : D x E; — Bool.

Note that an LPE does not contain parallel composition, gsdation and hiding, and uses
only one recursion variable. Groote, Ponse and Usenko [ESgmted a linearization algo-
rithm that transformgCRL specifications into LPEs.

To eachuCRL specification belongs a directed graph, called a laktededsition system.
In this labeled transition system, the states are processi@and the edges are labeled with
parameterised actions. For example, giveri@&L specificationX (n:N) ~ a(n)- X (n+1),

we have transitions (n) o X (n + 1). Branching bisimilarity—, [43] and strong bisim-
ilarity < [31] are two well-established equivalence relations otestan labeled transition
systems. Conveniently, strong bisimilarity implies branching Iigiarity. The proof theory
of nCRL from [13] is sound with respect to branching bisimilgrineaning that ip ~ ¢ can
be derived from it thep <, q.

Definition 2 (Branching bisimulation) Given a labeled transition system.s&ong bisimu-
lation relation5 is a symmetric binary relation on states such that#¢ and s L ¢, then

there existg’ such thatt - ¢ and s’ B¢. Two states andt are strongly bisimilar denoted
by s < t, if there is a strong bisimulation relatio such thats 5¢.
A strong and branching bisimulation relatiBns a symmetric binary relation on states

such thatifs Bt ands -5 s', then

- either/ = 7 ands' Bt A A
- or there is a sequence of (zero or motelransitionst — - - - — ¢ such thats 3¢ and

i 5 ¢ with s’ Bt

Two states andt are branching bisimilardenoted by <, ¢, if there is a branching bisim-
ulation relation3 such thats 5¢.

See [42] for a lucid exposition on why branching bisimilagbnstitutes a sensible equiva-
lence relation for concurrent processes.

The goal of this section is to prove that the initial stateheftorthcoming.CRL specifi-
cation of a two-way SWP is branching bisimilar to a pair of BI§ueues. In the proof of this
fact, in Section 7, we will use three proof techniques towetihat twouCRL specifications
are branching (or even strongly) bisimilar: invariantsifmiulation criteria, and cones and
foci.

An invariant I : D — Bool [4] characterises the set of reachable states of an LPE
X(d:D). Thatis, ifI(d) = true and X can evolve fromi to d’' in zero or more transitions,
then/(d') = true.

Definition 3 (Invariant) [ : D — Bool is an invariant for an LPE in Definition 1 if for all
d:D,j e Jande;:E;. (I(d) ANhj(d,e;)) — I(g;(d,ej)).

1The definitions of these relations often take into accourpexial predicate on states to denote successful
termination. This predicate is missing here, as succetsfiulination does not play a role in our SWP specifi-
cation.
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If 7 holds in a statel and X (d) can perform a transition, meaning that(d, e;) = true
for somee;:E, then it is ensured by the definition above tlidtolds in the resulting state

9j (d7 ej)'

Bisimulation criteriarephrase the question wheth€fd) andY (d') are strongly bisim-
ilar in terms of data equalities, whe?é(d:D) andY (d":D’) are LPEs. Astate mapping)
relates each state iKi(d) to a state irt’(d’). If a number of bisimulation criteria are satisfied,
then¢ establishes a strong bisimulation relation between texiig andY (¢(d)).

Definition 4 (Bisimulation criteria) Given two LPEs,

X(d:D) =3 5 D e;m, @i(f5(d, €5))-X(g;(d, €5)) < hy(d, e5) > &
Y(d:D)~ 3 jer 2o my 4 (f3(d €5)- X (g5(d', ¢5)) < y(d' €f) > 6

and an invariant/ : D — Bool for X. A state mapping : D — D’ andlocal mappings
Y; + By — Ejfor j € J satisfy thebisimulation criteriaif for all statesd € D in which
invariant / holds:

| VjeJVe;Ej (hi(d, e;) < hi(d(d), (e ))),
Il VjeJVe;Ej (hi(d, e;) A 1(d)) — (a;(fi(d,e;)) = a;(fi(o(d),¥i(e;)))),
I VjeJVe;:Ej ( J(d ej) N1(d)) — (0(g;(d, e;)) = g;(¢(d), ¥;(e;))).

Criterion | expresses that at each summartde corresponding guard &f holds if and only
if the corresponding guard of holds with parameters(d), y;(e;)). Criterion Il (1ll) states
that at any summangthe corresponding action (next state, after applyiog it) of X could
be equated to the corresponding action (next stat¥) wfth parameterge(d), ¥;(e;)).

Theorem 5 (Bisimulation criteria) Given two LPESX (d:D) and Y (d':D’) written as in
Definition 4, andl : D — Bool an invariantforX. Let¢ : D — D" andvy; : E; — E for
j € J satisfy the bisimulation criteria in Definition 4. Thefi(d) « Y (¢(d)) forall d € D
in which I holds.

This theorem has been proved in PVS. The proof is availaletgi: //homepages . cwi.
nl/~vdpol/piggybacking.html.

The cones and focimethod from [17,9] rephrases the question whethéX (d)) and
Y (d') are branching bisimilar in terms of data equalities, wh¥i@:D) andY (d:D’) are
LPEs, and the latter LPE does not contain actions from sotieaanternal actions. Astate
mappinge relates each state iXi(d) to a state irt’(d’). Furthermore, somé D are declared
to befocus pointsTheconeof a focus point consists of the statesNiid) that can reach this
focus point by a string of actions frof It is required that each reachable statifi) is in
the cone of a focus point. If a numbermfatching criteriaare satisfied, thea establishes a
branching bisimulation relation between term$X (d)) andY (¢(d)).

Definition 6 (Matching criteria) Given two LPEs:

X(d:D) =3 jerde,:m, 0i(fi(ds €)X (g;(d; e5)) < hj(d,ej) > 6
Y(d':D') %E{]EJMJQI}Z e, G (i €5)) Y (g(d', e5)) < hi(d' e5) > 6

Let FC: D — Bool be a predicate which designates the focus points,aad{a; | j € J}.
A state mapping : D — D’ satisfies thanatching criterigfor d:D if for all j € J with
a; ¢ Tandallk € J witha;, € Z:

. Vey: By, (hi(d,ex) — ¢(d) = d(gr(d, ex))); . Ve Ej (hy(d, e;) — hj((d), e;));
Wl FC(d) — Ve;:E; (Wy(¢(d), ;) — hy(d, €;));



B. Badban et al. / Mechanical Verification of a Two-Way SWP 7

v VejIEj (hj(d7 ej) - fj(d7 ej) = f;(@b(d)v ej));
\ Vej:Ej (hj(d7 ej) - ¢(gj(d7 ej)) = g}(Qb(d)? ej))'

Matching criterion | requires that the internal transisaatd are inert, meaning that and
gr(d, er) are branching bisimilar. Criteria Il, IV and V express thatke external transition
of d can be simulated by(d). Finally, criterion Il expresses that if is a focus point, then
each external transition of(d) can be simulated by.

Theorem 7 (Cones and foci)Given LPESX (d:D) andY (d":D’) written as in Definition 6.
Let/ : D — Bool be an invariant forX. Suppose that for all: D with 7(d):

1. ¢: D — D’ satisfies the matching criteria fal, and
2. there is ad:D such thatFC(d) and X can perform transitionsl = ... % J with
c,...,c, €1.

Then for alld: D with I(d), 77(X (d)) <, Y(6(d)).

This theorem has been proved in PVS, see [9].
For example, consider the LPBES(b:Bool) ~ a-X(b) <b> 0 + ¢ X(—b) < —=b > ¢ and
Y (d:D') =~ a-Y(d'), withZ = {c} and focus pointrue. Moreover,X (false) = X (true),
i.e.,false can reach the focus point in a singheransition. For anyl’: D’, the state mapping
o(b) = d for b: Bool satisfies the matching criteria.

Given an invarianf, only d: D with I(d) = true need to be in the cone of a focus point,
and we only need to satisfy the matching criteriaddp with 7(d) = true.

3. Data Types

In this section, the data types used in (HéRL specification of the two-way SWP are pre-
sented: booleans, natural numbers supplied with modulbraetic, buffers, and lists. Fur-
thermore, basic properties are given for the operationgel@fon these data types. Th€
RL specification of the data types, and of the process paprasented in here.

Booleans We introduce constant functiongue, false of type Bool. A andV both
of type Bool x Bool — Bool represent conjunction and disjunction operators, atsand
— of the same exact type, denote implication and bi-implagtand— : Bool — Bool
denotes negation. For any given sartwe consider a functiorf : Bool x D x D — D
which functions an If-Then-Else operation, and also a mappy : D x D — Bool such
that eq(d, e) holds if and only ifd = e. For notational convenience we take the liberty to
write d = e instead ofeq(d, e).

Natural Numbers. Below we specify the data type natural numbers.

sort: N

cons: 0:— N

func: S:N—N
+,—-,-:NxN—=N
<,<,>,>:Nx N — Bool
| ' NxN-—=N
div: NxN-—-N

var . 1, j, n: N

rev . 1+0=1

i+ () = S(i+ )

1—-0=1
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0-:=0
S(i)=S(G)=i~J
-:0=20

-S(j) = (i-]) + i

0 <1 =true

S(i) < 0= false
S(i)<S(G)=1<y

0 < S(i) = true

1 < (0 =false

S(i) <S()=i<j
i>j=-(j<i)

i>j=-(j <)

il =0f(i < n,i, (i = n)|,)

idivn =1if(i <n,0,5((i = n) divn))

0 denotes zero anél(n) the successor of. The infix operations-, — and- represent addi-
tion, monus (also called cut-off subtraction) and multation, respectively. The infix oper-
ations<, <, > and> are the less-than(-or-equal) and greater-than(-or-gqpakations.

Since the buffers at the sender and the receiver in the SWBfdiaite size, modulo
calculations will play an important rolé,, denotes modulon, whilei div n denotes integer
divided byn.

In the proofs we will take notational liberties like omittjrihe sign for multiplication,
and abbreviating:(i = j)toi # j, (k < )N ({ <m)tok < ¢ <m, S(0)to 1,andS(S(0))
to 2.

We will use induction schemes to prove some properties atiata types. Below we
formulate two of them.

Definition 8 (Standard induction) For any : N — Bool,
(f(0) A VmN(f(m) — f(S(m)))) — VN f(n)
Definition 9 (Special induction) For any : N — Bool,
(f(0) A Vm:N f(S(m))) — Vn:N f(n)

Buffers. The two parties in the two-way SWP will both maintain twofleu$ containing
the sending and the receiving window (outside these windmis buffers will be empty).

cons: [|:— Buf
func: inb: A x N x Buf — Buf
add: A x N x Buf — Buf
| : Buf x N — Buf
| : Buf x N — Buf
smaller: N x Buf — Bool
sorted: Buf — Bool
test: N x Buf — Bool
retrieve: N x Buf — A
remove: N x Buf — Buf
releasereleasé, : N x N x Buf — Buf
next-emptynext-empty, : N x Buf — N
in-window: N x N x N — Bool
max: Buf — N
var : 1, 7, n: N
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q : Buf
d, e: A
rew : addd, i,[]) = inb(d,1,[])
addd, i, inb(e, j, q)) = if(i>7,inb(e, j,addd, i, q)),
inb(d, i, removéi, inb(e, j, q))))
(ln =1
inb(dv i, Q)|n = lnb(dv i|n7 Q|n)
lln =1
inb(d, i, q)||n = addd, i, q|n)
smallels, [|) = true
smallefi, inb(d, j, q)) = i < j A smalle(s, q)
sorted]]) = true
sortedinb(d, j, q)) = smallexj, q) A sortedq)
tes(i, [|) = false
testi, inb(d, 7,q)) = i=j V testi, q)
retrieve(s, inb(d, j, q)) = if(i=j7, d, retrieve(i, q))
remove, []) = []
removéi, inb(d, j, q)) = if(i=7, removési, ¢), inb(d, j, removéi, q)))
releaséi, j, q) = if(i > j, q,releasésS(i), j, removéi, q)))
release, (i, j,q) = if(i|,=j|n, ¢, releasé, (S(i), 7, removeéi|,, q)))
next-emptyi, ¢) = if(tests, ¢), next-emptyS(i), q), )
next-empty, (i, ¢) = if(next-emptgi|,., ¢) < n, next-emptyi|,, q),
if(next-emptg0, q) < n, next-empty0, q),n))
in-window(i, 7, k) =i < j<kVk<i<jVj<k<i
max([]) = 0
maxinb(d, i, q)) = if(i > maxq), i, maxq))

A represents the set of data elements that can be communlstigden the two parties.
The buffers are modeled as a list of pajis:) with d:A andi:N, representing that cell (or
sequence numberpf the buffer is occupied by datudh cells for which no datum is specified
are empty. The empty buffer is denoted [hyandinb(d, i, ¢) is the buffer that is obtained
from ¢ by placing datumi in cell 7, possibly overwriting the previous datum in celif this
cell was not empty).

addis similar toinb, except that given a sorted bufigwithout duplicationsadd(d, i, q)
is again sorted without duplications. d,, the sequence numbersgrare taken modula,
and inq||,, the resulting buffer is moreover sorted without duplicatisortedchecks whether
a buffer is sorted, ansgmalleris a help function that is needed in the definitiorsofted

testi, q) producestrue if and only if cell i in ¢ is occupied retrievgi, ¢) produces
the datum that resides at ceéllin buffer ¢ (if this cell is occupiedf, and removéi, q) is
obtained by emptying cell in buffer q. releaséi, j, q) is obtained by emptying cellsup
to but not includingj in ¢, andrelease, (i, j, ¢) does the same moduta next-emptyi, q)
produces the first empty cell iy counting upwards from sequence numbenward, and
next-empty, (i, ¢) does the same moduta in-window(i, j, k) producestrue if and only if
j lies in the range fromi to £ — 1, modulon, for n greater than, j andk. Finally, maxq)
produces the greatest sequence number that is occupjed in

2Note thatretrieve(s, []) is undefined. One could choose to equate it to a default valde or to a fresh error
element inA. However, with the first approach an occurrencesatfieve(s, [|) might remain undetected, and
the second approach would needlessly complicate the dagaMyWe prefer to work with an underspecified
version ofretrieve which is allowed inuCRL, since data types have a loose semantics. All operatiqnSRL
data models, however, are total; underspecified operdtanso the existence of multiple models.
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A would represent the set of data elements that can be comatedibetween the two
parties. The buffers are modeled as a list of p&irs) with d:A andi:N, representing that
cell (or sequence numberpf the buffer is occupied by datury cells for which no datum
is specified are empty. The empty buffer is denoted| bgndinb(d, i, q) is the buffer that is
obtained fromy by simply putting(d, i) on top of the buffe.

addinsert datas to into the queue while preserving it sortethéfqueue itself s so) and
removing the duplications|,, is taking the sequence numbersgiof modulon, and With
q||. the resulting buffer is further sorted owortedannounces whether or not a buffer is
sorted smallermakes sure that the first data in the queue is having the sthiaitkex number.

tes(i, ¢) is true if and only if thei—th location ing is occupiedretrievei, q) reveals
¢’s i—th element removéi, ) wipes thei—th element outreleaséi, j, ¢) emptiesi—th to
j—th locations, whereelease¢, (i, j, ¢) does the analogous moduto next-emptyi, q) re-
veals the first empty cell ip as ofi, wherenext-empt, (i, ¢) operates the same moduto
in-window(i, 7, k) is true if and only ifi < 7 < k£ — 1, modulon. Finally, maxq) reports
the greatest occupied placegn

Lists. We introduce the data type afist of lists, which will be used in the specification
of the desired external behaviour of the SWP: a pair of FIF€ugs of sizen.

cons: ():— List
do : A
func: inl: A x List — List
length: List — N
top : List — A
tail : List — List
append: A x List — List
++ @ List x List — List
var : A, N @ List
d, e: A
rew : length(()) =
length(inl(d, )) = S(length'\))
top(inl(d, X)) = d
tail(inl(d, \)) = A
appendd, ()) = inl(d, ())
appendd, inl(e, \)) = inl(e, appendd, \))
O+HA=A
inl(d, \)+HX = inl(d, \A-+HX)
qli..g) =1f(@ > j, (), inl(retrieve(i, ), ¢[S()..5)))

() denotes the empty list, andl (d, ) adds datund at the top of list\. A special datum,
is specified to serve as a dummy value for data paramééargth \) denotes the length of
A, top(\) produces the datum that resides at the top,ofzil()\) is obtained by removing
the top position in\, appendd, \) adds datuml at the end of\, and\++ )’ represents list
concatenation. Finallyi..j) is the list containing the elements in buffeat positions: up
to but not including;.

3Note thatretrieve(s, []) is undefined. One could choose to equate it to a default valde or to a fresh error
element inA. However, with the first approach an occurrencesatfieve(s, [|) might remain undetected, and
the second approach would needlessly complicate the dagatyWe prefer to work with an under-specified
version ofretrieve which is allowed inuCRL, since data types have a loose semantics. All operatiqnSRL
data models, however, are total; partial operations ledoie@xistence of multiple models.
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4. Two-Way SWP with Piggybacking

This section contains the specification of the protocqQi@RL. Figure 1 illustrates the the
protocol we work on (i.e. a two-way SWP with piggybacking)this protocol sendeS(/R)
stores data elements that it receives via channel A in atoffigze2n, in the order in which
they are received. It can send a datum, together with itsesegunumber in the buffer, to
a receiverR/S via a medium that behaves as lossy queue of capacity onesesed by
the mediumK and the channels B and C. Upon reception, the receiver mag thte datum

in its buffer, where its position in the buffer is dictated tye attached sequence number. In
order to avoid a possible overlap between the sequence msrmobdifferent data elements
in the buffers of sender and receiver , no more than one hatboh of these two buffers
may be occupied at any time; these halves are called therggadd the receiving window,
respectively. The receiver can pass on a datum that is edtthe first cell in its window
via channel D; in that case the receiving window slides fodA®y one cell. Furthermore, the
receiver can send the sequence number of the first emptyngelt just outside) its window
as an acknowledgment to the sender via a medium that behavessy queue of capacity
one, represented by the medidmand the channels E and F. If the sender receives this
acknowledgment, its window slides forward accordinglyaltwo-way SWP, data streams

2
‘B
A
E

2
D
~] R |

Figure 1. A two sided Sliding window protocol

are in both directions, meaning thafR and R /S both act as sender and receiver at the
same time. In addition to this, in our protocol when a daturives, the receiver may either
send an acknowledgment back to the channel or it might idstedt until the network layer
passes on the next datum. In latter case, once this new dattorbe sent into the channel,
the awaited acknowledgment can be attached to it, and hext@fgee ride. This technique
Is known agpiggybacking

4.1. Specification

The sender/receivé/R is modeled by the proceSs'R (¢, m, ¢, ¢}, ), whereg is its send-
ing buffer of size2n, ¢ is the first cell in the window of;, andm the first empty cell in (or
just outside) this window. Furthermorg, is the receiving buffer of sizén,, and/;, is the
first cell in the window ofys.

The CRL specification o8 /R consists of seven clauses. The first clause of the specifi-
cation expresses thayR can receive a datum via channel A and place it in its sendimng wi
dow, under the condition that this window is not yet full. Timext two clauses specify that
S/R can receive a datum/acknowledgment pair via channel F;dteeghrt is either added to
qo if it is within the receiving window (second clause), or iged if it is outside this window
(third clause). In both clauses,is emptied from¢ up to but not including the received ac-
knowledgment. The fourth clause specifies the receptionsifigle (i.e., non-piggybacked)
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acknowledgment. According to the fifth clause, data elem@mttransmission via channel
B are taken (at random) from the filled part of the sending wimdhe first empty position
in (or just outside) the receiving window is attached to thatum as an acknowledgment. In
the sixth clause$ /R sends a single acknowledgment. Finally, clause seven ssgsehat if
the first cell in the receiving window is occupied, t&fR can send this datum into channel
A, after which the cell is emptied.

S/R(6:N, m:N, n:N, no:N, ¢: Buf , ¢b: Buf , £5:N)
~ Y aaTa(d)-S/R(L, S(m)|zn, addd, m, q), g5, 45) < in-window’, m, (£ 4+ n)|2,) > 0
+ D an i 2ok TR(d, 1, k)-S/R(k, m, releasex, (4, k, q), addd, i, ¢3), £3)
< in-window(¢,, i, (65, + n2)|2n,) > &
+ D aa i 2w E(d, 0, k)-S/R(k, m, releasey, (4, k, q), 45, 05)
< —in-window(?5, i, (04 + na)|on,) > &
+ > kn e (k)-S/R(k, m, releaséy, (¢, k, q), g5, 05)
+ >k ss(retrieve(k, q), k, next-empty,,, (¢5, ¢3))-S/R(¢,m, q, 45, 05) < testk,q) > §
+ sg(next-emptig,,, ({3, ¢3))-S/R(¢, m, q, g3, (5)
+ sa(retrieve(dh, ¢5))-S/R (L, m, g, removeéls, g¢b), S(05)|an,) < tes(th, ¢b) > 6

The ,CRL specification oR /S (explained in details inAppendix A) is symmetrical to
the one ofS/R. In the procesR /S(¢y, ms, g2, ¢, ¢'), ¢’ is the receiving buffer of sizen,
and/’ is the first position in the window af. Furthermoreg, is the sending buffer of size
2ns, {5 is the first position in the window af,, andm, the first empty position in (or just
outside) this window.

MediumsK andL, introduced below, are of capacity one. These mediums afsgul
in away that they may lose frames or acknowledgments:

K~ Zd:A Zk:N Zi:N TB(dv kv Z)(jSC(d, kv Z) + j)K + Zi:N TB(Z)(]SC(Z) + ])K

For each channel € {B,C,E, F}, actionss, andr; can communicate, resulting in
the actionc¢;. The initial state of the SWP is expressed by (0 (S/R(0,0,[,[],0) |
R/S(0,0,[],[],0) || K || L)) where the set{ consists of the read and send actions over the
internal channels B, C, E, and F, namé{y-{sg, 75, sc, rc, Sk, e, Sr, 7r } While the setZ
consists of the communication actions over these intettmahigels together with, namely

I={cp,cc,cr,Cr,j}-
4.2. External Behavior

Data elements that are read from channel A should be senthiatanel D in the same order,
and vice versa data elements that are read from channel Ddsbegent into channel A in
the same order. No data elements should be lost. In otheswibrel SWP is intended to be a
solution for the following lineay:CRL specification, representirggpair of FIFO queues of
capacity2n and2n,.
Z(A1:List, \a:List) = Y, A ra(d)-
+ sp(top(A1))-
+ Zd:A D (d)
).

+ sa(top(A2)

(appendd, A1), A2) < length(A\y) < 2n > ¢
(tail(A1), A2) < lengthA;) > 0> 6
(A1, appendd, \2)) < length(A2) < 2n2 > §
(A1, tail(A2)) < lengthtAz) > 0> 6

N N N N

Note thatr,(d) can be performed until the list; contains2n elements, because in that
situation the sending window &/R and the receiving window dR./S will be filled. Fur-
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thermore sp(top(A1)) can only be performed iX; is not empty. Likewiserp(d) can be per-
formed until the list\, contains2n, elements, and, (top(A2)) can only be performed iX,
is not empty.

5. Modifying the Specification

This section witnesses three transformations, one to editaiparallel operators, one to elim-
inate arguments of communication actions, and one to efitaimodulo arithmetic.

Linearization. The starting point of our correctness proof is a linear dption
M.,...4, in which no parallel composition, encapsulation and lgdaperators occuiM,, .,
can be obtained from theCRL specification of the SWP without the hiding operator, i.e
on(S/R(0,0,]],1,0) || R/S(0,0,[],[],0) || K || L) by means of the linearization algorithm
presented in [15]; and according to [15], the following desan be obtained:

M,,..,a contains eight extra parametetse,:D and g, ¢’, h, h', ho, hy:N. Intuitively, g
is 5 when mediunK is inactive, is 4 or 2 wheikK just received a data frame or a single
acknowledgment, respectively, and is 3 or 1 wik€mas decided to pass on this data frame
or acknowledgment, respectively. The parameters and i, represent the memory df,
meaning that they can store the datum that is being sent #0R to R/S, the position
of this datum ing, and the first empty position in the window gf, respectively. Initially,
or when mediunK is inactive,g, e, h and k), have the values 5{,, 0 and 0. Likewisey’
captures the five states of medidmande,, h, andh’ represent the memory @f.

The linear specificatioM,,,; of the SWP, with encapsulation but without hiding, is
written below. For the sake of presentation, in states thslts after a transition we only
present parameters whose values have changed.
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Mmod(ga m,q, QQa £I27 9, h7 €, hl2? glv h’27 €2, h/a 627 ma,q2, qlv él)
R Y aa TA(d) Moyoa(m:=8(m)|an, g:=addd, m, q)) < in-window’, m, (£ 4+ n)|2,) > 0 (A1)
+ > .. ca(retrieve(k, g), k, next-emptip,,, (¢5, ¢5))- Mpoq(g:=4, e:=retrieve(k, q), h:=k,

hb:=next-emptl,,, (¢5,¢5)) < testk,g) ANg=51> ¢ (B1)
+ - Muoa(g:=1, e:=dp, h:=0) <« g =216 (C1)
+ j-M,0d(g:=5, e:=dp, h:=0,ho:=0) <« g=2Vg=41>§ (D1)
+ 5 Mpoa(g:=3) <« g=4> 6 (E1)
+ cc(e, hy hh) - Mpnoa(ba:=h}, ¢ :=adde, h, ¢'), g:=5, e:=dy, h:=0, h%:=0,

qo:=releaséy,,, (2, hh, q2)) < in-window', h, (¢’ + n)|an) Ag=31> ¢ (F1)
+ ccle, by hl)-Manod(ba:=hh, g:=5, e:=dy, h:=0, h}:=0, go:=releaséy,, (¢2, h}, ¢2))

< —in-window?', h, (¢’ +n)|an) Ag=31> 0 (G1)
+ sp(retrieveld’, ¢'))- M poa (0 :=S(¢') |2n, ¢':=removél’, ¢')) < tes(?',q') > § (H1)
+ ce(next-emptg, (¢, q")) Mnod(g':=2, ho:=0, h':=next-emptl,, (¢',¢')) < ¢ =5 > 6 (I1)
+ - M,0d(g' =1, ea:=dg, h2:=0) <« ¢’ =2 1> § (J1)
+ 7 Minod(g':=5, h2:=0, e2:=dg, h:=0) <« ¢ =2V g =4> 46 (K1)
+ 7 Mioa(g:=3) < ¢ =410 (L1)
+ cr(B) - Mpoq(€:=h', g:=releaséy, (¢, 1/, q), g':=5, ha:=0, ea:=dy,h':=0) <« ¢’ =116 (M1)

+ > g.a D (d)- Mopoa(ma:=S(mz2)|2n, g2:=add(d, m2, q2))

< in'WindOV\(gg, ma, (52 + n2)|2n2) >0 (Nl)
+ > .y cu(retrieve(k, g2), k, next-empti, (', ¢"))-M0a(g":=4, ea:=retrievek, ¢2),
ho:=k, h':=next-emptls,, (¢',¢')) < testk,g2) ANg' =51 ¢ (01)

+ CF(eQa h21 h/)-MmOd(szhl7 qé::adc(627 h27 qé)a 91:251 62::d07 hQ::Oa h/ZZO’
q:=releaséy,, (£, 1, q)) < in-window({, ha, (65 + na)lan,) Ag' =3 > 8 (P1)

+ cp (62, ha, h/)'Mmod (fZ:hl, g/Z:5, es:=dg, ho:=0, hIZZO, q::releas¢2n (f, h/, q))

< =in-window(4y, ha, (€5 4+ n2)|on,) AN g’ =3 > 6 Q1)
+ sa(retrieve(€}, ¢5)) Mo (05:=S(05)|2n, , gh:=removérs,, ¢4)) < tes(ty, ¢b) > ¢ (R1)
+ cp(next-empthp,,, (45, ¢5)) - Mmod(g:=2, h:=0, hYy:=next-emptis,,, (¢5,¢5)) < g=51>§ (S1)
+ cc(hhy) - Mnod(lo:=hb, go:=releasey,,, (¢2, hy, g2), g:=5, h:=0, e:=dy, hy:=0) <« g =116 (T1)

In this specification

e The first summand describes that a datiioan be received b$/R. through channel
A, if ¢’'s window is not full (n-window(¢, m, (¢ + n)|s,)). This datum is then placed
in the first empty cell of’s window (g:=add(d, m, ¢)), and the next cell becomes the
first empty cell of this windowr(.:=S(m)|2,).

e By the second summand, a franetrieve(k, q), k, next-emptly,,, (¢5, ¢5)) can be
communicated t&, if cell £ in ¢’s window is occupiedtés{k, ¢)). And by the nine-
teenth summand, an acknowledgmeext-emptl,,, (¢;, ¢5) can be communicated to
K.

e The fifth and third summand describe that mediKndecides to pass on a frame or
acknowledgment, respectively. The fourth summand desstifiati decides to lose
this frame or acknowledgment.

e The sixth and seventh summand describe that the frame inumeRi is com-
municated toR/S. In the sixth summand the frame is within the window ¢f
(in-window(¢’, h, (¢’ 4+ n)|2,)), SO it is included 4:=add(e, h,¢’)). In the seventh
summand the frame is outside the windowgfso it is omitted. In both cases, the
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first cell of the window oty is moved forward tadi, (¢5:=h}), and the cells beforg,
are emptiedd;:=releasey,, ({2, hj, ¢2)).

e The twentieth and last summand describes that the ackngmiedt in mediun¥ is
communicated t&® /S. Then the first cell of the window af is moved forward ta,,
and the cells beforg/, are emptied.

e By the eighth summand /S can send the datum at the first cell in the window of
q (retrievg (', ¢')) through channel D, if this cell is occupiete§(?’, ¢')). This cell
is then emptied((:=remové(’, ¢')), and the first cell of the window af is moved
forward by one (:=5(¢')|2,).

e Other summands are symmetric counterparts to the oneslEdsabove.

N,..¢: No Communication Action’s Arguments.

The linear specificatioiN,,,,; (Written inAppendix A) is obtained fromM,,,,; by renaming

all arguments from communication actions (e:g(es, h2, h’)) to a fresh actiorz. Sine we
want to show that the “external” behavior of this protocobranching bisimilar taa pair

of FIFO queues (of capacit¥n and2n,), hence the internal actions can be removed. The
following proposition is then a trivial result of this renang:

Proposition 11 77(M,,,,4(0, 0, [], [], 0, 5,0, do, 0, 5,0, dy, 0, 0,0, ], [],0)) <
T{CJ}(Nmod(O, 0, [], [], 0,5,0,do,0,5,0,d,0,0,0, [], [], 0))

N, .onmod: NO Modulo Arithmetic.

The specification ofN,,,....« iS obtained by eliminating all occurrences pf, (resp.
l2n,) from N,,,4, and replacing all guards oi-window(s, j, (i + k)|2,) (respectively
in-window(z, j, (i + k)|2n,)) Kind withi < j < i4-n (respectively < j < i+n,). According

to what just mentioned, onl1, F'1, G1, N1, P1 and@1 whose guards are of this form, will
be subjected to change. We name each new clause after iEspgonding one by removing
the index1 from it, that is e.g.A1 will becomeA, and so forth. As an example we show this
clause below, the whole specificationlsf,,,.,..q With its all clauses is presented inAppendix
A.

5 2 7A (D) N oo (mi=S(m), g:=add(d, m, q)) < | <m < (+no§ (A)

In Section 7.1, we will prove thaN ,,,....« andN,,,; are strongly bisimilar. In order to
demonstrate the correctnessif,,..... (see Section 7.2) there will be a number of proper-
ties on the Data Types which should be investigated firsthénrtext section we list these
properties, and thereafter, in its following section, wé piiove the correctness.

6. Properties of Data Types

This section presents some properties of the data typeshemideredbuffers, also some
invariants of the final specification of the system; theirgfsacan be found inAppendix B.

6.1. Basic Properties

These properties contain some mathematical reasoning tbeefunctions in our spec-
ification of the system, with/without modulo arithmetic. ©f them for example is:
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testk,q) — addretrievek,q), k,q)[i..j) = ¢[i..7). The entire list together with proofs, are
written inAppendix B.1.

6.2. Ordered Buffers

Lemma 12 Some properties on add.) function:

testi,q) — testi,addd, j,q))

next-empty, add(d, j, ¢)) > next-emptg, q)

test:,addd, j, q)) = (i=j V testi, q))

retrieveg(i, addd, j, q)) = if(i=j7, d, retrieve(i, q))

remové:, addd, i, q)) = removéi, q)

J # next-emptyi, ¢) — next-emptyi, add(d, j, ¢)) = next-empty, q)
next-emptyi, add(d, next-empty, ¢), ¢)) = next-emptyS (next-empty, ¢)), q)
i <j — removéi,addd, j,q)) = addd, j, removéi, q))

i #j — adde,i,addd, j, q)) = addd, j,addle, i, q))

Lemma 13 Ordered buffers maintain the following properties:

©CooNohkwWwNE

smallei,q) — smaller(i,removéj, q))

i < j Asmallefi,q) — smallefi,add(d, j,q))

smallefi,q) — removéi,q) = q

i < jAsmallelj,q) — smallefi,q)

sortedq) — sortedaddd,i,q))

smalle(i,q) — addd,i,q) = inb(d,i,q)

sortedq) A j < i — removei,addd, j,q)) = addd, j, removeéi, q))
sortedq) — addd,i,q) = addd, i, removéi, q))

ONokhwWNE

Lemma 14 For n > 0, the following results hold oq||,,.

sortedq/.)
testi, ql.) = testi, q||.)
retrieve(il,, ql,) = retrieve(il,, ql|,)
j #1i — removéi,addd, j,q|,)) = addd, j, removéi, q||,.))
Vi:N(tes{j,q) i <j<i+n)ANi<k<i+n—

next-empts,, (k|an, ¢lon) = next-emptis, (k|2n, ql|2n)
Vj:N(testj, q)—i<j<i+n) A i<k<i+n — removék, q)| 2, = removék|s,, q|2.)
Vi:N(testy, q)—i<j<i+n) AN i<k<i+n — releaséi, k, q)||2,=

releasey, (i|on, k|2n, ql/2n)

8. Vj:N(testj, q)—i<j<i+ n)ANi<k<i+n — addd, k, q)||2, = add(d, k|2, q||2n)

akrwpPE

No

All the abovementioned lemmas are proved in details inAgpeB.2.
6.3. Invariants

Invariants of a system are properties of data that are satidfroughout the reachable state
space of the system (see Definition 3). Lemma 15 collects\viEdiamts ofN ,,,,....s (@and their
symmetric counterparts). Occurrences of variablgN in an invariant are always implicitly
universally quantified at the outside of the invariant.

Invariants 6, 8, 15 and 17 are only needed in the derivatiaittedr invariants. We pro-
vide some intuition for the (first of each pair of) invariatitat will be used in the correctness
proofs in Section 7 and in the derivations of the data lemimaariants 4, 11, 12, 13 express
that the sending window & /R is filled from ¢ up to but not includingn, and that it has size
n. Invariants 7, 10 express that the receiving windoRgs starts at’ and stops at' +n. In-
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variant 2 expresses th8IR cannot receive acknowledgments beyowat-empty/’, ¢'), and
Invariant 9 thaR/S cannot receive frames beyond—- 1. Invariants 16, 18, 19 are based on
the fact that the sending window 8fR, the receiving window oR/S, andK (when active)
coincide on occupied cells and frames with the same sequemaber. Invariants 1, 3, 5 and
14 give bounds on the parametérandh’ of mediumsK andL.

Lemma 15 N ,onmod (¢, M, q, g, Uy, g, hye, by, g ha,ea, B le, mo, go, ¢, 0') Satisfies the fol-
lowing invariants.

1. ¥ < next-emptyf’.¢') and h) < next-emptyls, ¢)
2. { < next-empt{?’,¢') and ¢, < next-emptyls, q)
3.9#5 — (<h' and g#5 — ly <hj
4. tes{i,q) — i <m and tesli,q) — i < my
5. (¢g=3Vg=4) - h<m and (¢ =3Vg =4) — hy<my
6. tes{i,q) — i <m and tes{i,q¢),) — i< my
7.testi,q) — V' <i</l +n and tesli,qy) — 05 <i</lh+mns
8./ <m and 0, <my
9. next-empty’, ¢') < m and next-emptyls,q,) < mo
10. next-empt{?’, ¢') < ¢'+n and next-empt,, ¢,) < 05 + ny
11. testi,q) — ¢ <1i and tes{i,q) — (o <1
12. { <i<m — tesli,q) and fly <i<my — tesii,qs)
13. m</+n and my < ¥y + ny
14. (9 =3vg =4) — next-empty?’ . ¢') < h+n and
(9" = 3Vg = 4) — next-emptyls, g3) < hy +ny
15. ¢ <i<h — tes(i,¢’) and ¢, <i<hl, — testi,q})
16. (¢ =3V g=4)Atesth,q) — retrievgh,q) =e and
(¢ =3V g =4)Ntesthy,qz) — retrievghs, qz) = ey
17. (testi,q) Ntes(i,q')) — retrieve(i, q) = retrieve(i,¢’) and
(tes{i, qo) Ates(i,q))) — retrievgi, g2) = retrieve(i, ¢5)
18. (g =3V g=4)Atesth,q)) — retrievgh,q’) =e and
(¢ =3V g =4)Ntesthy,q,)) — retrievehs, ¢)) = ey
(¢ <iNj<nextemptyi.¢')) — qli..j) =¢[i..j) and
(b2 <A j < next-emptyi,q;)) — qli..j) = @li-j)

In the initial stateN,,,,.04(0, 0, [],[],0,5, 0,do, 0,5, 0, dy,0,0,0,[],[],0) all these invariants
are satisfied; this can be easily checked. So they are sdtisfiall reachable states of
N.,.onmod- FOr a proof of this lemma seeAppendix B.3.

19.

7. Correctness ofN,,,,q

In Section 7.1, we establish the strong bisimilarity™f,,; andN,,,....¢. IN order to prove
this, we show that the bisimulation criteria in Definitiondldh. Then according to Theorem 5,
proof is complete. Section 7.2 demonstrates¥at,,... behaves lika pair of FIFO queues.
Finally, the correctness of the two-way SWP is establishegiction 7.3.

7.1. Equality ofN,,,; and N ., nm0d

Proposition 16 N ,,m04(0, 0, [], ], 0, 5,0, do, 0,5, 0, dy, 0,0,0,],[],0) <
Nmod(oa 07 []7 []7 07 57 07 dOa 07 57 07 dOa 07 07 07 []7 []7 0)

Proof. By Theorem 5, it suffices to define a state mappingnd local mappings); for
j = 1,2,...,20 that satisfy the bisimulation criteria in Definition 4, witkspect to the
invariants in Lemma 15.
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Let = abbreviateN x N x Buf X Buf X NXNXNXAXNXNxNxAXxNxNxNx Buf x
Buf x N. We use{:= to abbreviatg ¢, m, q, ¢4, t5, g, h,e, hly, g', ha, ea, B, la,mo, go, ¢, '),

—_
—

then we define : = — = by:

¢(£) = (6‘27“ m|2n7 Q||2m qéH?nz? £/2|2n27 g, h|2n7 €, hl2‘2n27
g’, hzbng, €2, h/bm 62‘2@, m2‘2n27 QQ||2n27 quzm £,|2n>

Furthermorey), : N — N mapsk to k|, andiy; : N — N mapsk to k|,,,; the other 18
local mappings are simply the identity.

We show that) and they; satisfy the bisimulation criteria. For each summand, we lis
(and prove) the non-trivial bisimulation criteria thatndiuces. For a detailed proof, seeAp-
pendix C.

|

7.2. Correctness dN,,..mod

We prove thaiN ,,,,....q¢ IS branching bisimilar to the pair of FIFO queuégsee Section 4.2),
using cones and foci (see Theorem 7)

The state mapping : = — List x List, which maps states @Y ,,,,,...q t0 states o¥, is
defined by:

(b(g) = <¢1 (m7 q, 6/7 q/)7 ¢2 (m27 42, 6/27 qg))

where
¢1(m, g, l',q")  =d'[l'..next-empty’, ¢'))+-g[next-emptyl’, ¢')..m)
¢2 (m27 qo, €/27 QQ) = q& [E/ZneXt-emptWév QQ)>_H—qQ[neXt-emptw/27 (Ié)m2>

Intuitively, ¢, collects data elements in the sending windovs 4R and the receiving window
of R/S, starting at the first cell in the receiving window (i.€.) until the first empty cell
in this window, and then continuing in the sending windowiluhie first empty cell in that
window (i.e.,m). Likewise, ¢, collects data elements in the sending windovirés and the
receiving window ofS/R.

The focus points are states where in the direction &R to R/S, either the sending
window of S/Ris empty (meaning that= m), or the receiving window fronR/Sis full and
all data elements in this receiving window have been ackedggd (meaning thét= ¢'+n).
Likewise for the direction fronR/Sto S/R. That is, the focus condition reads

Lemma 17 For eaché:= with N,,,,.04 () reachable from the initial state, there ifﬁ with

C

FC() such thatN 04 (&) = - -+ 2 Nyponmoa (€), Whereey, ... ¢, € T.

Proof. We prove (seeAppendix C) that for eag& where the invariants in Lemma 15 hold,
there is a finite sequence of internal actions which ends itate svhere({ = m Vv ¢ =
€’+n)/\(€2 :mg\/& :€’2+n2)

[

Proposition 18 7. ;3 (Nyonmed (0,0, ], 1,0, 5,0, do, 0,5,0,do,0,0,0,[],[],0)) <= Z({), ()

Proof. We prove this using cones and foci method. SeeAppendix G é@mplete proofll
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7.3. Correctness of the Two-Way Sliding Window Protocol
Finally, we can prove the main result of our specificationchtis:

Theorem 19 (Correctness)
m7(0x(S/R(0,0, ], [], 0) [| R/S(0,0, [, [J,0) [ K || L)) =, Z((), ()

Proof. We combine the equivalences that have been obtained so far:

< 771 (Mp,04(0,0,],],0,5,0,do,0,5,0,do,0,0,0, ], ],0)) (Proposition 10)
< T(e,j}(Nmod(0,0,(],1,0,5,0,do,0,5,0,do,0,0,0, [],[],0))  (Proposition 11)
< Tie,jt (Nnonmoa (0,0, [1,[],0,5,0,do,0,5,0,dp,0,0,0, ], [],0)) (Proposition 16)
<= Z((), () (Proposition 18)

8. Formalization in PVS

In this section we show the formalization and verificatiotha&f correctness proof of the SWP
with piggybacking in PVS [28].

The PVS specification language is based on simply typed higiuer logic. Its type
system contains basic types suchba®lean, nat, integer, reaktc. and type constructors
such asset, tuple, recordand function Tuple types have the forriT1, ...,Tnl, where
Ti are type expressions. A record is a finite list of fields of thefR: TYPE=[# E1:T1,
..., En:Tn #], whereEi arerecord accessofunctions. A function type constructor has
the formF:TYPE=[T1, . ..,Tn->R], whereF is a function with domaim®=T1x . .. xTn and
ranger [9].

A PVS specification can be structured through a hierarchiedries Each theory con-
sists of asignaturefor the type nhames and constants introduced in the theodyaarumber
of axioms, definitions and theorems associated with theasigia. A PVS theory can be para-
metric in certain specified types and values, which are pladetween[ ] after the theory
name.

In uCRL, the semantics of a data specification is the set of athitslels. Incomplete
data specifications may have multiple models. Even worge,gbssible to have inconsis-
tent data specifications for which no models exist. Here #eessity of specification with
PVS emerges, because of this probable incompleteness@ntsiatency which exists when
working with ©CRL. Moreover, PVS was used to search for omissions andsemnothe
manualyCRL proof of the SWP with piggybacking.

In Section 8.1 we show examples of the original specificatibeome data functions,
then we introduce the modified forms of them. Moreover, wenshaw measure functions are
used to detect the termination of recursive definitions.dati®n 8.2 and 8.3 we represent the
LPEs and invariants of the SWP with piggybacking in PVS. t8ed.4 presents the equality
of ,CRL specification of the SWP with piggybacking with and withonodulo arithmetic.
Section 8.5 explains how the cones and foci method is useatioalize the main theorem,
that is thepCRL specification of the SWP with piggybacking is branchingirhilar to a
FIFO queue of sizén. Finally, Section 8.6 is dedicated to some remarks on thiéiceagron
in PVS.

8.1. Data Specifications in PVS

In PVS, all the definitions are first type checked, which gatesr someoroof obligations
Proving all these obligations ascertains that our dataifspeiton is complete and consistent.
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To achieve this, having total definitions is required. Sohie first place, partially de-
fined functions need to be extended to total ones. Below theresome examples of par-
tial definitions in the original data specification of the SWRh piggybacking, which we
changed into total ones. Second, to guarantee totalityocoirsese definitions, PVS requires
the user to define a so-calleadeasure functionDoing this usually requires time and effort,
but the advantage is that recursive definitions are guazdrte be well-founded. PVS en-
abled us to find non-terminating definitions in the originafladspecification of the SWP with
piggybacking, which were not detected within the framewairik CRL. After finding these
non-terminating definitions with PVS, we searched for nefiniteon which can express the
operation we look for. Then we replaced the old definitionthwiew terminating ones in our
1CRL framework. Below we show some of the most interestingrexas.

Example 20 We defined a function next-empty which seeks for the firstygnogition ing
from a given position. This function is identified as:

next-empty, ¢) = if(testi, ¢), next-emptysS(i), q), 7).

We also need to have next-empty, ¢) as a function which produces the first empty position
in ¢ modulon, from position:. It looked reasonable to define it as:

next-empty, (i, ¢) = if(testi, ¢), next-empty, (S(¢)|,, q), )

Although the definition looks total and well-founded, théswne of the undetected potential
errors that PVS detected during the type checking proceslevBwe bring an example to
show what happens. Let= [(do, 0), (d1, 1), (ds, 2), (ds, 3), (d5,5)], n =4, i = 5 then

next-empty; (5, g) = next-empty (6|4, ¢) = next-emptyi(2, ¢) = next-emptyi(3, q)
= next-empty; (0, g) = next-emptyi(1, ¢) = next-empty(2,¢) = ...

which will never terminate. The problem is that modulall the places ing are occupied,
and since) < i|,, < n hence test, ¢) will always betrue. Hence each position will call for
its immediate next position and so on. Therefore the callswver stop.

At the end we replaced it with the following definition, whigkerminating and operates
the way as we expect.

next-empty, (i, g) = if(next-emptyi|,., ¢) < n, next-emptyi|,, q),
if(next-emptg0, ¢) < n, next-empty0, ¢),n))

This function first checks whether there is any empty plateg af, (incl. i|,, itself). If this is
the case then that position would be the result, otherwisggusext-emptip, ¢) it will check

if there is any empty position in the buffer modulolf so then that position would be the
value of the function since next-emty, ¢) will reach it. If all the buffer modulo is full
thenn would be the result, becauseis bigger that all the possible values for the function
(i.e. ], at most) and moreover it indicates that the buffer is full mlod:.

InAppendix D there are similar examples f@leasé:, j, q) andreleasé, (i, j, q), de-
tected errors by PVS, and also our ultimate solutions famthe

We represented theCRL abstract data types directly by PVS types. This enaldes u
to reuse the PVS library for definitions and theorems of ‘déad” data types. Figure 2
illustrates part of a PVS theory definimglease,. ThereD is an unspecified but non-empty
type which represents the set of all datums that can be comcated between the sender
and the receiveBuf is list of pairs of typeD x N defined adist|[[D, nat]|. Here we used
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D:nonempty_type
Buf:type=1list[[D,nat]]
x,i,j,k,1,n: VAR nat

dm(i,j,n): nat =
IF mod(i,n)<=mod(j,n)
THEN mod (j,n)-mod(i,n)
ELSE n+mod(j,n)-mod(i,n)
ENDIF

release(n) (i,j,q): RECURSIVE Buf=
IF mod(i,n)=mod(j,n) THEN q
ELSE release(n) (mod(i+1,n),j,remove(mod(i,n),q))
ENDIF
measure dm(i,j,n)

Figure 2. An example of data specification in PVS

list to identify the type of lists, which is defined in the preludeélVS. Therefore we simply
use it without any need to define it explicitly. This figureatepresentselease, (i, 7, ¢) in
PVS. Since it is defined recursively, in order to establishtérmination (or totality), it is
required by PVS to have a measure function. We define a mefaswtgon calleddm which
is decreasing and non-recursive. Here, PVS uses its typekehto check the validity afm.
It generates two type-check proof obligationsif < j|, thenj|,, —i|, > 0 and ifi|,, > j|,
thenn + j|, — ¢|, > 0. The first proof obligation is proved in one trivial step. Téerond
one is proved by imposing Lemma 19 on it.

InAppendix D, we also list the extra data lemmas which hadetpioved in PVS while
they are considered to be trivial in the manual proof.

8.2. Representing LPEs

We now reuse [9] to show how theCRL specification of the SWP with piggybacking (an
LPE) can be represented in PVS. The main distinction willHz tve have assumed so far
that LPEs arelustered This means that each action label occurs in at most one sndrsa
that the set of summands could be indexed by the set of acimid. This is no limitation,
because any LPE can be transformed in clustered form, igdigareplacing+ by > over
finite types. Clustered LPEs enable a notationally smogitesentation of the theory. How-
ever, when working with concrete LPEs this restriction i$ canvenient, so we avoid it in
the PVS framework: an arbitrarily sized index §6t. .., n — 1} will be used, represented by
the PVS typeelow(n). A second deviation is that we will assume from now on thatyeve
summand has the same set of local variables. Again this ismitation, because void sum-
mations can always be added (ife= >, ,, p, whend doesn't occur irp). This restriction
is needed to avoid the use of polymorphism, which doesndtéxiPVS. The third deviation
is that we don't distinguish action labels from action dagegmeters. We simply work with
one type of expressions for actions. Note that this is a rdahsion, because one summand
may now generate steps with various action labels, posegisilyle as well as invisible.

So an LPE is parameterized by sets of actiahs), global parametersS¢ate) and
local variablesIocal), and by the size of its index set)( Note that the guard, action and
next-state of a summand depend on the global paramétetstate and on local variables
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LPE[Act,State,Local:TYPE,n:nat]: THEORY BEGIN
SUMMAND: TYPE= [State,Local-> [#act:Act,guard:bool,next:State#] ]
LPE:TYPE= [#init:State,sums: [below(n)->SUMMAND]#]

END LPE

Figure 3. Definition of LPE in PVS

e : Local. This dependency is represented in the definiS@MMAND by a PVS function type.
In Figure 3 an LPE consists of an initial state and a list of suands indexed byelow(n).

A concrete LPE by a fragment of the linear specificatidp,;, of SWP with piggy-
backing in PVS (see Figure 6 in Appendix D) is introduced ag g of a set of actions:
Nnonmod_act, StatesState, local variablesLocal, and a digit:220 referring to the number
of summands. The LPE is identified as a pair, cailetit andsums, whereinit is introduc-
ing the initial state oiN,,,,;, andsums the summands. The firsAMBDA maps each number to
the corresponding summandI¥,,.,. The second.AMBDA is representing the summands as
functions oveiState andLocal. Here,State is the set of states andcal is the data type
D x N of all pairs(d, k) of the summation variables, which is considered as a glaoébie
regarding the propertyi = 3, ;... P» Which is mentioned before.

8.3. Representing Invariants

Invariants are boolean functions over the set of statesuf€ig@ in Appendix D, illustrates
Invariant 15.9 from Section 6.3).

8.4. Equality ofN,,,,q andIN ,,o.m0a

Strong bisimilarity ofN,,,,q andN,,,....¢ (Proposition 16) is depicted in Figure tate_f
andlocal_f are introduced to construct the state mapping betwégn, .. andIN,,,.4. In
PVS we introduce the state mapping¢te_f, local_f) from the set of states and local
variables ofN,,,....¢ t0 those ofN,,.;. Then we use the corresponding relation to this state
mapping, and we show that this relation is a bisimulatioatreh betweerN,,,,,.. and
Nmod-

We didn’t formalize CL-RSP in PVS, because it depends onrsdgeiprocess equations.
This would require a lot of work for embeddingCRL in PVS, which would complicate the
formalization too much. In PVS we defined an LPE as a list ofreamds (not as a recursive
equation), equipped with the standard LTS semantics. lidcoe proved directly that state
mappings preserve strong bisimulation. Still, the manwabpis based on CL-RSP, mainly
for algebraic reasons: by using algebraic principles dhly,stated equivalence still holds in
non-standard models for process algebra + CL-RSP.

8.5. Correctness dN,,,.q

The branching bisimilarity verification dX,,,; andZ (Theorem 19) is pictured in Figure 5.
qlist(q,i,j) is used to describe the functigfi..j), which is defined as an application on
triples. The functiorfc(1,m,q,q12,112,g,h,e,h12,g1,h2,e2,h1,

12,m2,q2,q1,11) defines the focus condition fo¥ .04 (¢, m, q, ¢4, U5, g, h, e, hl,

g’ ha,ea, B 0o, ms, qo, ¢, ¢') @s a boolean function on set of states. The state majppimaps
states ofN,,,....q tO States ofZ, which is calledp : = — List x List in Section 7.2k is a
Boolean function which is used to match each external actid,,,.....s to the correspond-
ing one ofZ. This is done by corresponding the number of each summaihg,gf,... to one
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state_f(1,m,q,q12,112,g,h,e,h12,g1,h2,e2,h1,12,m2,92,q1,11): State=
(mod (1,2*n) ,mod (m,2#n) ,modulo2(q,2*n) ,modulo2(ql12,2*n2) ,mod (112, 2%n2),
g,mod (h,2*n) ,e,mod(hl,2*n2) ,gl,mod (h2,2*n2) ,e2,mod (hl,2*n),
mod (12,2*n2) ,mod (m2,2#%n2) ,modulo2(q2,2*n2) ,modulo2(ql,2*n),
mod(11,2%n)),
local_f(l:Local,i:below(20)): Local=
LET (e,k)=1 IN
IF i=4 THEN (e,mod(k,2%n)) ELSE (IF i=9 THEN (e,mod(k,2%n2)) ELSE(e,k)) ENDIF

Propsimilaosition_6_22: proposition bisimilar (1lpe2lts(Nnonmod),lpe2lts(Nmod))

Figure 4. Equality of N,,,,q andN,,,nmoq iN PVS

fc(l,m,q,q912,112,g,h,e,h12,g1,h2,e2,h1,12,m2,92,91,11): bool =
(1=m OR 1=11+n) AND (12=m2 OR 12=112+n2)
k(i) : below(2)= IF i=18 THEN 0 ELSE
IF i=10 THEN 1 ELSE
IF i=11 THEN 2 ELSE 3 ENDIF ENDIF ENDIF
h(1l,m,q,q12,112,g,h,e,h12,g1,h2,e2,h1,12,m2,92,q1,11): [List_,List_]=
(concat (qlist(ql,11,next_empty(11,q1)),qlist(q,next_empty(l1l,ql),m)),
concat(qlist(ql2,112,next_empty(112,q12)),qlist(q2,next_empty(112,q12) ,m2)))
mc: THEOREM FORALL d: reachable(Nnonmod) (d) IMPLIES MC(Nnonmod,Z,k,h,fc) (d)
WN: LEMMA FORALL S: reachable(Nnonmod) (S) IMPLIES WN(Nnonmod,fc) (S)
main: THEOREM brbisimilar(lpe2lts(Nmod),lpe2lts(Z))

Figure 5. Correctness aN .4 in PVS

of Z. As PVS requires, this function must be total, thereforéhauiit loss of generality we
map all the summands with an internal action, frd,....s’S specification, to the second
summand o’s specification.

According to cones and foci proof method [9], to derive th&},,,..¢ andN,,,; are
branching bisimilar, it is enough to check the matchingecidt and the reachability of focus
points. The two conditions of the cones and foci proof metti@drepresented e andwn,
namely matching criteria and the reachability of focus pgirespectivelync establishes that
all the matching criteria (see Section 2) hold for every hadote stat@ in Nnonmod, with the
aforementioned, k andfc functions.WN represents the fact that from all reachable states
in Nnonmod, a focus point can be reached by a finite series of internarexctThe function
1pe2lts provides the Labeled Transition System semantics of an SB& [Q]).

8.6. Remarks on the Verification in PVS

We used PVS to find the omissions and undetected potent@bkdirat have been ignored
in the manualCRL proofs, some of them have been shown as examples in B&:tio
PVS guided us to find some important invariants. We affirmedténmination of recursive
definitions by means of various measure functions. We repted LPEs in PVS and then
introducedN,,,,; andIN,,,......« S LPEs. We verified the bisimulation d¥,,,,,,.0q @aNdN .04
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Finally we used the cones and foci proof method [9], to prdva N,,,,; and the external
behavior of the SWP with piggybacking, represented&bgre branching bisimilar.

9. Conclusions

In this paper we verify a two-sided sliding window protocdiiah has the acknowledgments
piggybacked on data. This way acknowledgments take a fdednithe channel. As a result
the available bandwidth is used better. We present a spaaiincof sliding window protocol
with piggy backing inuCRL, and then verify the specification with the PVS theoreovpr.

An important aim of this paper is to show how one can incredgnéxtend a PVS ver-
ification effort, in this case the one described in [1]. PV8fi@tion can be reused to check
modifications of the SWP nearly automatically. We benefitethfthe PVS formalizations
and lemmas in [1], e.g. properties of data types and thosgiants which are not directly
working with the internal structure of buffers (i.e. orde:tests). Note that a large part of the
complete formalization consists of developing the metamherlhis part is split in generic
PVS files with proofs. This generic part can be reused for tineectness proof of many other
protocols. In particular, the generic part consists of tbnition of an LTS, various forms of
bisimulation (with proofs that they form equivalence redas), the definition of LPEs, their
operational semantics, the notions of state mappings leetWeEs, the notion of an invariant
of an LPE (and its relation with reachable states), the prolefs for tau-reachability (with
a soundness proof), and the matching criteria (includiegpttoof of the theorem, that from
the cones and foci method one may conclude branching basiityi).

For a specific protocol verification one must formalize thedudata types (or find them
in PVS’s prelude), define LPEs for the specification and imy@etation, list the invariants,
the focus conditions and the state mapping. From this, abfpobligations (like invariants
and matching criteria) are generated automatically. Mb8gations can be discharged au-
tomatically, but still many must be proven manually. Alsa{reachability must typically
be proven manually, using the predefined proof rules. Howeeene steps remain protocol-
specific, such as the transition from modulo to full arithimét the case of the Sliding Win-
dow Protocol.

Here, we model the medium between the sending and receivimdpw as a queue of
capacity one. So a possible extension of this work would beetify this protocol with
mediums of unbounded size, i.e. we can define the mediumstasfipairsd, i) by:

cons: [| :— Medium

func: add: A x N x Medium — Medium
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A. specification ofR/S, N,,,s and N,.onmod

R/S(¢2:N, mao:N, n:N, no:N, go: Buf , ¢': Buf , ¢:N)

~ > q.a ™D (d)-R/S(la, S(ma2)|2n,, addd, ma, g2), ', ')
N in-WindOV\(ég, ma, (62 + 7’L2)|2n2) >0

+ D ga Yoin opn eld i, k)-R/S(k, ma, releaséy,, (€2, k, g2),add(d, i,¢'), ¢)
g in-window(¢’, i, (¢’ +n)|a,) > &

+ Zd:A Zi:N Zk:N rc (da 2 k)R/S(kv ma, relea5¢2n2 (627 ka CIQ), q/, gl)
< —in-window(?’, i, (¢ 4+ n)|2n) > 0

+ Zk:N rc (k>R/S(ka ma, releas¢2n2 (62, k, QZ)a qlv él)

+ Zk:N SE(retrievdkv q2)7 ka neXt'emptMn(élu q/))R/S(Z% ma,q2, qlv él)
atest(k,q2) > 6

+ sp(next-empti, (¢',¢'))-R/S(la, ma, g2, ¢, ¥')

+ sp(retrieve(t’, ¢'))-R/S(la, mo2, g2, removél’, q'), S(¢')|2x)
<tes(t',q') > o

NmUd(év m,q, q/25 6/27 g, h’a €, h/27 g/; h?; €2, h/a 627 ma,q2, q/a 6/)
~ Y ga TA(D) Npoa(m:=S(m)|an, g:=addd, m, q)) < in-window?, m, (£ 4+ n)|2,) > 0

+ >k ¢ Ninod(g:=4, e:=retrievg k, q), h:=Fk, hy:=next-empty,,, (¢5, ¢5))
ates{tk,q) Ng=51>4

+ J-Nioa(9:=1,e:=do, h:=0) @« g =210

+ j-Nyod(g:=5, e:=dy, h:=0,h:=0) <« g=2Vg=41>

+ 7 Npod(9:=3) < g=41 4

+ ¢ Ninoa(la:=hy, ¢:=adde, h, ¢'), g:=5, e:=do, h:=0, hy:=0, g2:=releaséyy, (2, h, ¢2))

< in-window(?’, h, (¢ + n)|an) Ag=3 1> &

+ ¢ Nypoa(l2:=hb, g:=5, e:=dy, h:=0, hly:=0, g2:=releasey,, (¢, hi, q2))
< =in-window?', h, (¢ +n)l2,) ANg=3 1> 0

+ sp(retrieve?’, ¢')) Nypoa (¢:=S (') |2n, ¢ :=removeél’  ¢')) < tes(¥’,q") > &

+ ¢ Nopoa(9':=2, ha:=0, h':=next-emptlp,, (¢, ¢')) <« ¢ =5> ¢

+ - Nod(9:=1, e:=dg, he:=0) < ¢’ =21 §

+ 7' Nioa(g':=5, ha:=0,e2:=dp,h:=0) <« ¢ =2V g =41> ¢

+J Nmoa(9't=3) < ¢’ =4> 4

+ ¢ Nyoa(b:=h', g:=releaséy,, (¢, 1, q), ¢':=5, ho:=0, ea:=dy, h':=0) <« ¢’ =1> ¢

+ 2a:a "0 (d) Nimoa(ma:=5(ma)|an, g2:=add(d, ms, g2))
< in-WindOV\(fz, ma, (fg + n2)|2n2) > 6

+ >y 6 Ninoa(g':=4, ea:=retrievgk, g2), ho:=Fk, h':=next-empty,, (¢', ¢'))
ates(k, ) Ng' =514

+ ¢Nopoa(£:=H, ¢h:=add(ez, ha, ¢}), g":=5, e2:=dy, ha:=0, h':=0, g:=releaséy,, (¢, h', q))
< in-window(?,, ha, (05 + na)lan, ) Ag' =3 > &

+ ¢ Nyoa(b:=h', g':=5, ea:=dy, ho:=0, h':=0, ¢:=releaséy, (¢, h', q))
< =in-window(/y, ha, (5 4 n2)|2n,) Ag' =3 > 0

+ sa(retrieve(l), ¢5)) Nooa (€5:=S(£5) |an, , gh:=removél,, ¢5)) < tes{l,, qh) > §
+ ¢Nopoa(9:=2, h:=0, h:=next-emptip,,, (¢5,¢5)) < g=51> 9
+ ¢ Nypod(b2:=hb, g2:=releasey,, (2, hh, q2), g:=5, h:=0, e:=dy, h%:=0) < g=11> 6

27
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Nnonmod(ga m,q, QQa Z/27 9, h7 €, h/27 g/v h’27 €2, h/a Z27 ma,q2, q/v él)
~ Y ga TA(d) Nipopmod (m:=S(m), ¢z=addd, m,q)) <« l<m<l+np>d (A)

+ > kn CNoionmod (9:=4, ex=retrieve(k, q), h:=Fk, hy:=next-emptils, ¢5))
ates(k,q) Ag=5p>0

s

(B)
+ 5 Nuonmod(g:=1, e:=dg, h:=0) <« g =21> ¢ (©)
+ 7' Nuonmod (9:=5, e:=dg, h:=0,he:=0) <« g=2Vg=41> 4 (D)
+ 7' Noonmod(9:=3) <« g=41 ¢ (E)
+ ¢ Nponmod (l2:=hY, ¢':=add(e, h, ¢'), g:=5, e:=dy, h:=0, h%:=0, ga:=releasé’ls, h}, ¢2))

<1€’§h<€'+n/\g—3>6 (F)
+ ¢ Nponmod (b2:=hY, g:=5, e:=dy, h:=0, h%:=0, go:=releaséls, h}, g2))

A=l <h<l'+n)ANg=3>0 (G)
+ sp(retrieve(l’, ¢')) N ponmod (¢ :=S(¢), ¢':=removél’ ¢')) < tes{t',¢') > ¢ (H)
+ ¢ Nponmod (9':=2, h2:=0, h/:=next-emptif’. ¢')) < ¢ =51 § (I)
+J- Nnonmod(g/ =1 , €21 —dO,hQ O) N g’ =2p 0 (J)
+] Nnonmod(gl —5 h2 =0 62::d05 h/ZZO) < g' =2V g’ =44 (K)
+j'Nnonmod(gl —3> N g =40 (L)
+ ¢ Nyonmod (:=h', g:=releasél, ', q), g':=5, h2:=0, ea:=dg, h':=0) <« ¢’ = 11> § (M)
+ Zd:A TD( ) nonmod (m2 S(m2)7 Q21:adc(d7 ma, Q2)) 4 mo < 82 + na > 4] (N)
+ > kn € Noionmod (9':=4, ea:=retrievek, gz2), ho:=k, h':=next-emptyt’, ¢'))

atestk,g2) Ng' =510 (0)
+ ¢ Noponmod (6:=N, ¢h:=add ez, ha, ¢5), ¢':=5, ea:=dy, h2:=0, h':=0, ¢:=releasé’, h’, q))

<1€’2§h2<€’2+n2/\g’:3>5 (P)
+ ¢ Noponmod (6:=h, g":=5, ea:=dy, ha:=0, h':=0, g:=releasé’, i/, q))

A=l <hy <lh+ny))ANg =316 (Q)
+ sa(retrieve(ly, ¢5)) Nyonmod (2:=S5(£3), g3:=removels, ¢3)) < testés, ¢3) > 6 (R)
+ C'Nnonmod(g:ZQa h:ZOa hé::neXt_emptw&a q/2)) 49= 5046 (S)
+ ¢ Nponmod (l2:=hY, ga:=releaséls, h}, q2), g:=5, h:=0, e:=dy, hy:=0) <« g =11 § (T)

B. Proofs on Properties of Data
This part contains proofs of the lemmas in Section6.
B.1. Basic Properties

LEMMASs.

We first show some basic properties for the data types. Ambem tthere are properties
which have been held for SWP [1] too. The first lemma deals mitllulo arithmetic.

Unless stated otherwise, all variables that occur in a dataria are implicitly univer-
sally quantified at the outside of the lemmgaj, &, ¢, n range ovelN, wheren > 0, g ranges
over Buf, A, X', \" over List, andd overA.

Lemma 21 1. (iln+ =G+ 5|
2.4, <n
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3. i=(idivn)n+il,
4. i<j<i4+n ANi<k<i+n A jlon=Fklw) — j=k

The next lemma deals with basic properties of buffers.

Lemma 22 1. tes(i,q) — i < maXgq)

—tes{i,q) — removéi,q) = q

testi, removej, ¢)) = (testi,q) A i # j)

i #j — retrieve(i,removéy, q)) = retrieve(i, q)

testi, releasej, k, q)) = (testi,q) A (5 <i < k))

-(j <i<k) — retrievgi, releaséj, k, q)) = retrieve(i, q)
remové:, removeé;j, ¢)) = removej, removéi, q))

NoagakrwnN

The next lemma deals with thext-emptyunction.

Lemma 23 1. i < j < next-emptyi,q) — testy,q)
2. next-emptyi, q) > i
3. =(i < j < next-emptyi, q)) — next-empti, removej, q)) = next-emptyi, q)

The next lemma deals with modulo arithmetic for buffers.

Lemma 24

1. next-emptj,
2. Vj:N(testj, q
3. Vj:N(testj, ¢
4. Vj:N(test(j, q

i, q) = if(testilzn, q), NEXt-eMPti,(S()|zn: q). il2n)
—i<j<i+n)Ni<k<i+n — testk,q)=test(k|on, qlon)
— i< j<i+n)Atestk,q) — retrievek,q) = retrievek|ay, q|2n)
—i<j<i+n)ANi<k<i+n —

Next-empti:, q) s, = NEXt-emptis, (lan, qlon)
i <k <i4+n — in-window(i|s,, k|2n, (1 + 1)|2n)
in-windowi|ay,, k|an, (i + n)|2n) — k+n<iVi<k<i4+nVk>i+2n

— — — —

o g

The next lemma presents basic properties of lists.

Lemma 25 1 (AHN)HN = AH(N+HN)

length A+)\") = length(\) + length(\')

appendd, \-+H\') = \+appendd, )
length(qli..j)) = j — i

i<k<j — qli.j) = qli-k)+qlk.j)

(i <k <j) — removek,q)li..j) = qli.j)

¢ <i — releasgk,(, q)[i..J) = q[i..j)

i<j — appendd,qli-j)) = addd, j, q)[i..S(j))
testk,q) — addretrievek,q), k,q)[i..j) = qli..j)

PROOFs.

©CooN>Oh~WN

We only prove the last case in Lemma 21 on modulo arithmetitha first three cases were
already proved in [1,30].

Proof.

4. Let.]|2n = k‘2n
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1<j7<it+n Ni<k<i+n
—j=k<n
— ((j div2n)-2n + jlan) = ((k div2n)-2n + k|s,) < n (Lem. 21.3)
— (jdiv2n)-2n - (k div2n)-2n <n (lon = Kl2n)
— (jdiv2n)-2 ~ (kdiv2n)2 <1
— (j div2n) > (k div 2n)

By symmetry, alsd;j div 2n) < (k div2n), so(j div 2n) = (k div 2n). Sincejly, =
k|an, by Lem. 21.3; = k.

We only prove the last case in Lemma 22 on basic propertiesfééns, as the first six
cases were already proved in [1].

Proof.

7. If i = j then the lemmais trivial. Let# j. We use induction on the structureqf

% ¢ = []. Trivial.
x g =1Inb(d', k,q).
x 7 =k.
removei, removej, inb(d’, k,q')))
= removéi, removej, ¢')) (j=k)
= removej, removéi, ¢')) (i.h.)
= removej, inb(d’, k, removeéi, ¢'))) (J=k)
= removej, removéi, inb(d’, k, ¢'))) (t # k)
x ] £k
1=k.
removéi, removéj, inb(d’, k,q')))
— removéi, inb(d', k, remové;j, ¢'))) U # k)
= removéi, removéj, ¢')) (t=F)
= removéj, removéi, q')) (i.h.)
= removéj, removeéi, inb(d’, k, ¢'))) (i=k)
ik

removéi, removej, inb(d’, k, ¢')

)
= removéi, inb(d', k, removéj, ¢'))) (j # k)
= inb(d’, k, removéi, removéj, ¢'))) (i # k)
= inb(d’, k, removéj, removeéi, ¢'))) (i.h.)
= removéj, inb(d’, k, removéi, ¢'))) (j # k)
= removéj, removéi, inb(d’, k, ¢'))) (i # k)
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The cases of Lemma 23 on thext-emptyunction were all proved in [1]. This brings
us to Lemma 24, on modulo arithmetic for buffers. Cases 1 amdré not yet proved in [1],
because of our new definition oéxt-emptis,, (i, ¢). So we prove these two cases here.

Proof.
1. We havel,, < 2n (Lem. 21.2).

% oy = 2n = 1.

x —tes{i|an, q).
Hencenext-emptyi|s,, ¢) = ilo, < 2n. Then

next-empts,, (7, q)
= next-emptfil,. ) (next-emptyils,. q) < 2n)
= Z‘Qn

x testilan, q).
Hence we havaext-emptyi|s,,, ¢) = next-emptyS(il2,), ¢) = next-emptn, q) >
2n (Lem. 23.2). Then

next-emptls,, (¢, q)
= if(next-empt0, ¢) < 2n, next-empti0, q), 2n)
= next-empt,, (0, q)

= next-emptl,, ((2n)[2n, q)
= next-emptls,, (S (7|2n)|2n, q) (ilon = 2n = 1)
= next-emptl,, (S(7)|2n, ) (Lem. 21.1)

% oy < 21 = 1.

x —tes{i|a,, ¢). Hence
next-emptyi|s,, ¢) = ila, < 2n = 1. Then

next-emptis,, (i, q)
= next-emptyi|>, ¢) (next-empti|2,, ¢) < 2n = 1)
= ian (—testilan, q))

x testilan, q).
We recall the assumptiof(i|2,) < 2n. ThereforeS(ils,) = S(il2n)|2n =
S(1)]2n (Lem. 21.1). Using this and the assumpttes{i|,,, ¢), we get

next-emptyi|s,, ¢) = next-emptyS(ila,), ¢) = next-emptyS(i)|o,, ¢). Then

next-emptls,, (7, q)

= if(next-emptyi|o,, ¢) < 2n, next-emptyi|s,, q),
if(next-empt§0, ¢) < 2n, next-emptio, ¢), 2n))

= if(next-emptysS(i)|2,, ¢) < 2n, next-emptyS(i)|2n, ),
if (next-emptf0, ¢) < 2n, next-emptyd, q), 2n))

= if(neXt_emptMS@)‘2n)‘2n7 Q> < 2”7 neXt-emptMS(i>|2n>|2n7 Q)a
if(next-empt{0, ¢) < 2n, next-empty0, ¢), 2n))  (Lem. 21.1)

= next-emptl, (S(i)2n, )

4. By inductionon(i +n) — k. Lettes{j,q) — i <j <i+n.

* k =i+ n. Then—testk, ¢), sincetes{j,q) — i < j < i+ n. So by Lemma 24.2,
—tes{k|an, ¢l2n), and hence by Lemma 21.4tes{(k|2,)|2x, ¢|2n ). HENCE,
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next-emptl,, (k|an, ¢l2n)
= (k‘2n)‘2n (_'tes((k|2n)|2n7 Q|2n>| Lem. 241)
= k|an (Lem. 21.1)

= next-emptk, q)|2n (—testk, q))
x 1 <k <i+n.Theni < S(k) <i+n.

x —tes{k, ¢). Similarly.

x testk, q). By Lemma 24.2, alstes{k|s,, q|2,). Hence we haveest (ks ) |2n, ¢lon)
by Lemma 21.1. Hence,

next-empti, (k|2n, ¢lan)
= neXt'emptMn(S(kbn”Zm Q|2n) (test(k|2n)|2n> Q|2n)’ Lem. 241)
= neXt'emptMn(S(k”Zm Q|2n) (Lem 211)

= next-emptyS(k), q)|2n (i.h.)
= next-emptik, ¢)|an (testk, q))

Only the last two cases of Lemma 25 on lists were not yet prav§t.
Proof.
8. By induction ory — i.
e j — i =0.Thenj =1, since by assumption< j.
appendd, q[i..j)) o

= appendd, ()) (=1
=inl(d, ())
=inl(retrieve(s, add(d, i, q)), addd, i, ¢)[S(7)..S(i))) (Lem. 12.4)
— add(d, i, )[i..S(i))
=addd, j, q)[i..S(j)) (=1

® j > 1.

appendd, g[i..j))

= appendd, inl(retrieve(i, q), ¢[S(7)..5))) (J >1)
=inl(retrievei, q), appendd, ¢[S(7)..5)))
=inl(retrieves, ¢), add(d, j, ¢)[S(4). S(]€>) (i.h.)

=inl(retrieve(i, add(d, j, q)), add(d, j, q)[S(i)..S(5))) ( > i, Lem. 12.4)
=add(d, j, q)[i..5(j)) (5(7) > )

9. By induction ory — i.
e j —i=0.So0j <i.Then by definition both sides ate
e j > i. By Lemma 12.4 we have:

retrievgi, addretrievek, q), k,q)) = if(i = k,retrievek, q), retrievei,q)) =
retrieve(i, q)

= addretrievek, q), k, q)[i..7)
=inl(retrieve(i, add(retrievek, q), k, q)), addretrieve k, q), k, q)[S(i)..7)) (j > 1)

=inl(retrieves, ¢), addretrievek, q) k,q)[S(i)..7)) (above)
=inl(retrievei, q), q[S(7)..5)) (i.h.)
=qli-j) (> 1)
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B.2. Ordered Buffers
We proceed to prove Lemma 12 on thed function in its entirety.

Proof.
1. By induction on the structure qf

e ¢ =[] Trivial.
e ¢ =inb(d k,q).
x j > k.
testi, q)
= testi,inb(d’, k, q'))
= (i=k)Vvtest(i,q)
— (i = k) Vtes(i,addd, j, ¢)) (i.h.)
= tests, inb(d’, k,addd, j,¢')))
— tes{i,add(d, j,inb(d', k, ¢'))) U > k)
= testi,add(d, j,q))
x* <k
testi, q)

— (i =j) Vvtes{i,q)
= (i =j) V (testi,q) Ni # j)

= (i = j) V test{i,removéj, q)) (Lem. 22.3)
= tes{(i, inb(d, j, removéj, q)))
= testi,addd, j, q)) (j <k, q=inb(d k, q"))

2. By induction onS(maxgq)) — i.
e S(maxgq)) — i = 0. Therefore-testi, ¢) by Lemma 22.1.
next-emptyi, addd, j, q))
> (Lem. 23.2)

= next-empty, q)

e S(maxgq)) —i>0.

x —tes{i, ¢). Similarly.
x tes{i, q). Hencetes{i, add(d, j,q)) by Lemma 12.1.

next-emptyi, add(d, 5, ¢))
= next-emptyS (i), add d, 7, q))
> next-emptyS(7), q) (i.h.)
= next-empt{i, q)
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3. By induction on the structure qf

e ¢ = [|. Trivial.
e ¢ =inb(dk,¢).
x J > k.

tes(i,add(d, j,q))
= tes(i,addd, j,inb(d’, k, ¢')
= tes{s, inb(d’, k,addd, j, ¢')
= (i = k) vtes(i,addd, j, ¢
==k V(=7 Vvtes(i,q)
= (i = j) Vtesti,inb(d', k,q"))
= (i =j) vtesti,q)

)
)
)
(i.h.)

1=
x j < k. Sinceq = inb(d', k,¢'),
tes(i,addd, j, q))
= testi, inb(d, j, removéj, q)))
= (i = j) V tes(i,removéj, q))
— (i =7) V (tes(i,q) Ai # j) (Lem. 22.3)
= (1 =j) Vtesl(i,q)

4. By induction on the structure qf

e ¢ = |[]. Trivial.
e ¢ =inb(d k,¢).
x 7> k.
retrieve(, add(d, ,inb(d’, k, ¢')))
= retrieve(s, inb(d’, k,add(d, 7, ¢')))
— if(i = k, d’, retrieve(i, add(d, j, ¢')))
—if(i = k,d If(z j,d, retrieve(i, ¢'))) (i.h)
—if(i = j,d, if(i=Fk, d', retrievei, ¢'))) (U > k)
=if(i _],d retrleve(z q))
x <k

retrieveg(i, addd, 7, q))
= retrieve(s, inb(d, j, removéj, q)))
= if(i = 7, d, retrieve(i, removéj, q)))
= if(i = j, d, retrievesi, q)) (Lem. 22.4)
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5. By induction on the structure qf
e ¢ = [|. Trivial.
e ¢ =inb(d k,q).
Using Lemma 22.3 we gdesti,removéi,q)) = (tes(i,q) A i # i). Hence
—tes{i, removéi, ¢)). Using this with Lemma 22.2 we derivemovéi, removéi, q)) =
removéi, q).

* 1> k.

removeéi, addd, i, inb(d’, k, ¢')))

= removéi, inb(d’, k,add(d, i, ")) (i > k)
= inb(d’, k,removéi, add d, i, q'))) (i # k)
= inb(d’, k,removéi, ¢')) (i.h.)
= removei, inb(d’, k, ¢)) (i # k)

x 1 < k. Sinceq = inb(d', k, ¢'),

removéi, addd, i, q))
= remové:, inb(d, i, removeéi, q))) (e <k)
= remové:, removei, q))
= removéi, q) (above)

6. We assumg # next-emptyi, ). Then we prove the lemma using induction on
S(maxq)) = i.
e S(maxgq)) — i = 0. Therefore-tes{(i, ¢) by Lemma 22.1, so thaext-emptyi, ¢) =
7. An immediate consequence of this is thiag i with respect to the assumption.
Hence—tes{i, add(d, j, q)) because of Lemma 12.3. Then
next-empty, add(d, j, q))
=1

= next-empty, q)

e S(maxq)) —i>0.

x —tes{i, ¢). Similarly.
x tes(i, q). Hencetest(i, add(d, j, q)) by Lemma 12.1. On the other hand we have
next-emptyi, ¢) = next-emptysS(i), ¢) and sonext-emptyS(i), q) # j.

next-emptyi, addd, j, q))

= next-emptysS(i), addd, j, q)) (testi, add(d, j,q)))
= next-emptyS(i), q) (i.h.)
— next-emptyi, q) (testi, q))

7. By induction onS(maxgq)) — i.
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e S(maxq)) ~ i = 0. Therefore—test:, q) by Lemma 22.1. Soext-emptyi, q) =
i. Moreover, using Lemma 12.3 we dges{:,addd, i, ¢)). Then
next-empty;, add d, next-emptyi, q), q))
= next-empty, add(d, i, q))
= next-emptyS (i), addd, i, q)) (tes(i, add(d, j,q)))
= next-emptyS (i), q) (Lem. 12.6)
= next-emptyS (next-emptyi, q)), q)
e S(maxgq)) —i > 0.
x —tes{i, ¢). Similarly.
x tes(i, ¢). Hencetes{i, add(d, next-emptyi, ¢), q)) by Lemma 12.1. Then
next-emptyi, add d, next-empti, ¢), q))
= next-emptyS(i), add d, next-emptyi, q), q))
= next-emptyS (next-emptyS(i), q)), q) (i.h.)
= next-emptyS (next-emptyi, q)), q) (testi, q))

8. By induction on the structure qf

e ¢ = [|. Trivial.
e ¢ =inb(d k,q).
x 1 =Fk.
removéi, addd, j, q))

= removeéi, inb(d', i,add(d, j,¢'))) (i <)
= removei, addd, j, ¢'))
— add(d, j, removéi, ¢')) (i.h.)
= add(d, 7, removéi, inb(d’,i,q')))
= add(d, j,removéi, q))

* j < k.S0i < j < k.Hence

removéi, addd, j, q))

= remové, inb(d, j, removéj, q))) (J <k)
= inb(d, 7, removéi, removéj, q))) (1 < j)
= inb(d, j, removej, removeéi, q))) (Lem. 22.7)
= inb(d, j, removéj, inb(d’, k, removéi, ¢')))) (i # k)
= add(d, j,inb(d', k,removéi, ¢'))) (J <k)

= addd, j,removéi, q)) (i # k)
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x 7 > k.

removéi, addd, j, q))

= removéi, inb(d’, k,addd, j, ¢'))) (> k)
= inb(d’, k, removeéi, addd, j, ¢'))) (i # k)
= inb(d’, k,add(d, j, removéi, ¢'))) (i.h.)
= addd, j,inb(d’, k,removéi, ¢'))) (G > k)
= addd, j, removéi, q)) (i # k)

9. We only prove the lemma far< j, by symmetry it then holds for the other case too.
We use induction on the structure @f

e ¢ = [|. Trivial.
e ¢ =inb(d k,q),
x 7 < k.
addee, i, add(d, j, q))
— inb(e, i, removei, add(d, j, ))) (i < j)
=inb(e,:,addd, j,removéi, q))) (i < j, Lem. 12.8)
— add(d, j, inb(e, i, removei, q))) (i < j)
— add(d, j, add(e, i, ¢)) (i<j<h)
x J > k.
x 1< k.

add& i, addd, j7 Q))

= adde, i, inb(d’, k,addd, j, ¢')) (G > k)
= inb(e, i, removéi, inb(d’, k, add(d, j, ¢')))) (1 < k)
= inb(e, 7, removei, addd, j, q))) (G > k)
= inb(e, 7,addd, j, removéi, q))) (Lem. 12.8; < j)
= add(d, j, inb(e, i, removéi, q))) (j >1)
= addd, j,adde, 7,q)) (1 <k)

x 1> k.

ad(Xe, 'i, addd, ja q))

= adde, 4, inb(d’, k,addd, j,q'))) (j>i>k)
= inb(d’, k,adde, i,addd, j,q'))) (i > k)
= inb(d’, k,addd, j,adde, 7,q'))) (i.h.)
= addd, j,inb(d’, k,adde, i, q"))) (j>i>k)
= add(d, j,adde, i, q)) (i > k)

Now we prove Lemma 13 on the functiosshallerandsortedin its entirety.
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Proof.

1. By induction on the structure qf

e ¢ = [|. Trivial.
e ¢ =inb(dk,¢).

x j=Kk.

x J # k.

smallei, inb(d', k, ¢'))

= i < k A smallefi, ¢')
— smalleri, removeé;j, ¢'))

smallei, inb(d', k, ¢'))

= i < k A smallefi, ¢')
— i < k A smallerz, removéj, ¢'))

2. By induction on the structure qf

e ¢ = [|. Trivial.
e ¢ =inb(d k,¢).

x < k.

x J > k.

i < j Asmallefi, q)

(i.h.)
— smalle(i, removéj, inb(d', k, ¢'))) (j

(i.h.)
smallel(s, inb(d’, k, removeéj, ¢')))
smaller(i, removéj, inb(d', k,q'))) (j # k)

k)

— 1 < j Asmalleli,remové;j, q)) (Lem. 13.1)

smaller4, inb(d, j, removéj, q)))

smaller(i, add(d, 7, q)) (j <k)

i < 7 A smallefi,inb(d', k,q'))
=i <jANi<kAsmalle(i,q)
— 1 < k A smallel(s,addd, j, ¢'))
= smallels, inb(d’, k,addd, j,¢')))

= smallei, addd, j,inb(d’, k, ¢'))) (7 > k)

3. By induction on the structure qf

e ¢ = [|. Trivial.
e ¢ =inb(d k,¢).

smallef(i, inb(d', k, ¢'))
= i < k A smallefi, ¢')
— i < kA (removéi,q) = ¢')

— i < kA (inb(d', k,removéi,q’)) = inb(d'. k,q')

(i.h.)

/

=i < k A (removéi,inb(d' k,q')) = inb(d', k, ¢
— removéi, inb(d', k,q")) = inb(d', k, q’)

4. By induction on the structure qf

e ¢ = [|. Trivial.
e ¢ =inb(d k,q).

i < j Asmallely,inb(d’, k,q’))
=i<jANj<kAnsmalleqj,q)
— i < k A smallei, ¢')
= smallels, inb(d', k., ¢'))

(i.h.)

)

— —
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5. By induction on the structure qf

e ¢ = [|. Trivial.
e ¢ =inb(dk,¢).

x 1 < k. sortedq), sosmallelk, ¢'). Sincei < k, by Lemma 13.4mallefi, ¢'),
and sosmaller(, ¢). Thenremovéi, ¢) = ¢ by Lemma 13.3.

sortedq)
= sortedq) A smallex(i, q) (smallel(i, q))
= sortedremovéi, ¢)) A smalleri, removéi, ¢)) (above)
= sortedinb(d, i, removéi, q)))
= sortedaddd, i, q)) (i < k)

x 1 =k.

sortedinb(d’, k, ¢'))
= smallel(i, ¢') A sortedq’) (i = k)
— smallel(i, removéi, ¢')) A sortedremovéi, ¢')) (Lem. 13.3, Lem. 13.1)
= sortedinb(d, i, removéi, ¢')))
= sortedinb(d, i, remové:, inb(d’, k,q)))) (i = k)
= sortedadd(d, i,inb(d’, k,q")) (t=k)

* 1> k.

sortedinb(d’, k, ¢'))
= smallefk, ¢') A sortedq’)
— smallek,addd, i, ¢')) A sortedadd(d, i,¢)) (i > k, Lem. 13.2,i.h.)
= sortedinb(d’, k,addd, i,q")))
= sortedaddd, i,inb(d’, k,¢"))) (1 > k)

6. By induction on the structure qf

e ¢ = [|. Trivial.
e ¢ =inb(d k,q). Thensmalleri, q) impliesi < k, so

add(d, i, q)
=inb(d, i, removeéi, q)) (i < k)
=inb(d, 1, q) (smallex(i, q), Lem. 13.3)

7. By induction on the structure qf

e ¢ = [|. Trivial.
e ¢ =inb(d k,q¢). Letsortedq) A j < i.
x 1= k.
sortedinb(d’, k, ¢'))
— smallex(i, ¢') (i = k)
— smallel(y, ¢') (j < i, Lem. 13.4)
— smallerj, q) (j<i=k)

—removéj,q) =q (Lem. 13.3)

Hence
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remové:, add(d, j, q))
=removéi, inb(d, j, removej, q))) (j < k)

=removéi, inb(d, j, q)) (above)
=inb(d, j,removéi, q)) (j <1)
=inb(d, j,removéi, ¢')) (t=k)
=removéi, inb(d, j,q')) (j<i,i=k)
=remové:,addd, j, ¢')) (smallexj, ¢'), Lem. 13.6)
=addd, j,removéi, ¢')) (i.h.)
=add(d, j,removéi, q)) (i =k)
x 1 < k.
sortedinb(d’, k, ¢'))

— smallefk, ¢')

— smalle(i, ¢') (1 < k, Lem. 13.4)

— smalle(i, q) (1 < k)

— smalleqy, q) ( < i, Lem. 13.4)

—removéj,q) =q (Lem. 13.3)

Hence

removeéi, add(d, j, q))
= removéi, inb(d, j,removej, q))) (j <i < k)

=removéi, inb(d, j,q)) (above)
=inb(d, j,removéi, q)) (j <)
=add(d, j,removéi, q)) (smallex(j, ¢), Lem. 13.1, Lem. 13.6)
x 1> k.
x k=7.
removéi, add(d, j, q))
= removéi, inb(d, j, removéj, q))) (j=k)
= removei, inb(d, j, removéj, ¢'))) (J=k)
=inb(d, j,removéi, removej,q'))) (J=k<9)

=inb(d, j, removéj, removéi,q'))) (Lem. 22.7)
=inb(d, j,removéj, inb(d’, j, removéi,q'))))

= add(d, j, removei, inb(d’, j,¢'))) (j <)
= add(d, j, removei, q)) G =4k

x k> 7.

removeéi, add(d, j, q))

= removéi, inb(d, j, removéj, q))) (j < k)
=inb(d, j,removéi, removéj, q))) (J <9)
=inb(d, j,removéj, removéi, q))) (Lem. 22.7)
=inb(d, j, removéj, inb(d’, k, removei, ¢'))))
= add(d, j, inb(d’, k, removei, ¢)) G < k)
=addd, j, removéi, q)) (k <)

x k< j.

removei, add(d, j. q))
— removei, inb(d’, k, add(d. j,¢'))) (k < )
=inb(d’, k,removéi,addd, j,q'))) (k < j < 1)
=inb(d', k,addd, j,removéi, ¢'))) (i.h., sortedq’), j < 1)
= add(d, j,inb(d', k, removei, ¢'))) (k < j)
=add(d, j,removéi, q)) (k< j<i)
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8. By induction on the structure qf

e ¢ = [|. Trivial.
e ¢ =inb(d k,¢).
x 1 < k.
smallelk, ¢')
— smallefi, ¢') (Lem. 13.4)
— removéi,q') = ¢ (Lem. 13.3)
Hence
addd, i, removéi, q))
= addd, ¢, inb(d’, k, removéi, ¢'))) (i < k)
=addd, i, q) (above)
x 1= k.
addd, i, removéi, q))
= add(d, k, removek, ¢')) (i = k)
— add(d, k, ¢) (i.h.)
= inb(d, k, ¢) (smallelk, ¢’), Lem. 13.6)
= inb(d, k, removék, ¢')) (smallefk, ¢’), Lem. 13.3)
= inb(d, k,removék, q))
= add(d, i,q) (i = k)
* 1> k.

add(d, i, removéi, ¢))

= add(d, i, inb(d’, k, removéi, ¢'))) (i > k)
= inb(d’, k,addd, i, removéi, ¢'))) (i > k)
=inb(d’, k,addd, i,q")) (i.h.)
=addd,i,q) (i > k)

Now we prove Lemma 14 odql|,, in its entirety.

Proof.
1. By induction ory.
e ¢ =[] Trivial.
e g =inb(d, k,¢).
sortedinb(d, k, ¢')||,.)
= sortedadd(d, k|, ¢'|»))
= true (i.h., Lem. 13.5)
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2. By induction ony.
e ¢ = [|. Trivial.
e ¢ =inb(d,k,q).
testi, ql,,)
= tests, inb(d, k., ¢'|»)
= (i = k|, vVtesti,¢|,)
= (i = kln v test(i, ¢
= testi,addd, k|, ¢||»
= testi, qf|)

3. By induction ony.

~—

~—

(i.h.)
) (Lem. 12.3)

~—

e ¢ = [|. Trivial.
e ¢=inb(d, k,q).

retrieve(i, q|,,)
= retrieves, inb(d, k|,,, ¢'|))
= if(i = k|, d, retrieve(i, ¢'|,,))
= if(i = k|,, d, retrieve(i, ¢'||,) (i.h.)
= retrievei, add(d, k|, ¢'||»)) (Lem. 12.4)
= retrieve(i, ¢||,,)

4. @ j < i.
It holds by Lemma 13.7 and Lemma 14.1.
o i < j.
It holds by Lemma 12.8.
5. By induction on(i + n) — k.

e k=1i+n.

—tes(k, q), sincetes(j,q) — i < j < ¢ + n by the assumption. So by Lemma
24.2,—tes{(k|s,, q|2n), and hence by Lemma 14.2tes( k|2, q||2.). Hence

next-emptyp, (k|2n, ql2n)
= (k‘2n)‘2n (_'tes(<k‘2n>|2n7 Q‘2n)) Lem. 241)
= neXt'emptMn(k|2na q||2n) (_'tes((k|2n)|2n> QHZTL)’ Lem. 241)

o | <k<i+n.

x —tes{(k, ¢). Similarly.
x test(k, q).

By Lemma 24.2tes{( k|2, q|2,). Hencetestk|s,, ¢l|2,) by Lemma 14.2. There-
fore,

next-emptig, (k| lz.)

= neXt-emptMn(S(kbn)‘Qnu q|2n) (tes((kbn)bnu q|2n)) Lem. 241)
= next-emptl,, (S(k)|2n, ql2n)  (Lem. 21.1)

= next-emptl,, (S(k)|2n, ql|2,)  (i-h.)

= neXt'emptMn(S(kbn)bm Q||2n) (Lem 211)

= neXt'emptMn(k|2na Q||2n) (tes((k|2n)|2na Q||2n)’ Lem. 241)



B. Badban et al. / Mechanical Verification of a Two-Way SWP
6. By induction on the structure qf

e ¢ = [|. Trivial.
e ¢ =inb(d, ¢, q).

x k=/.
removék, inb(d, ¢, q"))||2n
= removék, ¢')||2n (k=1)
= removeék|sn, ¢'||2,) (.h.)
= 1eMOV&k |, add(d, £]2, ¢'||20)) (LeM. 12.5) = ()
= removek|s,, inb(d, £, ¢')||2.)
x k # L.

43

test/, q), hencei < ¢ < i + n by the assumption. Thekl,, # /|,,, using

Lemma 21.4 and the fact thak k£ < i + n.

removék, inb(d, 0, q"))]|2n
=inb(d, ¢, removek, ¢'))||2n (k #0)
= addd, £|2n7 remOVék, q/) ||2n)
— add(d, £|y,, removeék|a,, ¢'[|2,)) (i.h.)

= removék|s,, addd, ¢|s,, ¢'||2.)) (Lem. 14.4, k
- remOVék’bn, Inb(dv ga q/) ||2n)

2n 7"é €|2n)
7. By induction onk — i.

e ik — i=0.Byassumptiort < i, soi = k. Then the lemma is trivial.
e k& —i>0.Theni < k. Using Lemma 21.4 we gé,, # k|2,. Also

testj, removéi, q))

—J#i (Lem. 22.3)
—S(i) < (i <7)

Hence

releaséi, k, q)||2n

= releaséS (i), k, removéi, q))||2n

(1 < k)
= releasey, (S (7)|an, k|2n, reMoVEi, q)||2,) (above, i.h.)
= releasey,,, (S (ilan), k|on, removei, q)||2.) (Lem. 21.1)
= releasey,,, (S (ilan), k|on, removeéils,, ql|2,)) (Lem. 14.6)
= releasey, (ilan, kl2n, qll2n) (il2n # Kl2n)

8. By induction on the structure qf

e ¢ = [|. Trivial.
e ¢=inb(d,j,q).

x j<k.

Clearlytesty, q). Soi < j < k, by the assumption. Singe< k,i < j < k <
i+nandi <k <i+n,bylLemma?2l.4j < kimpliesj|s, # k|an-
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addd, k,inb(d’, j,¢)) | 2n

—inb(d', j,addd, k,q))||2n U <k)
= addd’, j|an, addd, k, ¢') [|2n)
= addd’, j|2., add(d, k|2s, '||20)) (i-h.)

= achdv kbm add(d’,j\% q/||2n)) (]|2n 75 k‘Qn, Lem. 129)
= add(d, k|2, Inb(d’, 7, ¢')[121)

x J > k.
add(d, k, q)]|2n
= inb(d, k,removék, q))||2n (G > k)
= add(d, k|2, removek, q)||2n)
= add(d, k|2, removek|a,, q||2n)) (Lem. 14.6)
= add(d, k|2n, q/|2n) (Lem. 14.1, Lem. 13.8)

B.3. Invariants

In this section we prove the invariants in Lemma 15.

Proof. For each case we only prove the first one, the second one igsattva mirror, and is
derived with a similar technique.

1. ' < next-empty’, ¢').
K, ¢, ¢ change only in summands, H, I, K, M, O, P and(@. So we only need to
check these summands. Among these, dhBnd H are non-trivial, because in other
casesdV := next-empty/’, ¢') or b’ := 0.
F: ¢ :=adde,h,q);
R < next-empty?’, ¢') < next-empty’, adde, h, ¢')) (Lem. 12.2).
H: 0 :=5(),q :=removél ¢'); under conditiortest{?, ¢');
R < next-empty’, ¢') = next-emptyS(¢'),q') = next-emptyS(¢'), removél, ¢'))
(Lem. 23.3).
2. { < next-empty?’, ¢').
Summandg’, H and M need to be checked.
F and H are provable with a similar strategy as the proof of Invarinl.
M:0:=H;
R < next-empty’, ¢') by Invariant 15.1.
3.9 #5 =1 <h.
Summandd, J, K, L, M, O, P and@ need to be checked.
Summanddy, M, P and( are trivial, because in these cagés= 5.
Summands/ and L are also trivial sincé andh’ do not alter.
I: ¢ :=2,h = next-empty’’, ¢');
By Invariant 15.2/ < next-empt{/’, ¢').
O: ¢ =4, h := next-emptyt’, ¢');
Similar.
4. tes(i,q) — i < m.
Summandsi, M, P and( need to be checked.
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A:m = S(m), ¢ :== addd, m, q);

test:,addd, m, q)) < i = m V tes{i, q) using Lemma 12.3. Hende= m Vi < m
and therefore < S(m).

M, P and@: q := releasé’, b/, q);

testi, release¢’, ', q)) — tes(i, q) (Lem. 22.5)— i < m.

(9=3Vg=4) — h<m.

SummandsA-G, S andT need to be checked. Among these only summahds
andE are non-trivial, because in other cageg 3, 4.

A:m = S(m);

If g # 0, thenh < m < S(m).

B: g := 4, h := k; under conditiortestk, q);

By Invariant 15.4tes{(k, ¢) impliesk < m.

E: g := 3; under conditiory = 4;

g = 4 impliesh < m.

testi,q¢') — i < m.

Summandsi, F and H need to be checked.

A:m = S(m);

testi, ¢') impliesi < m < S(m).

F: ¢ :=adde, h,q); under conditiory = 3;

g = 3, so by Invariant 15.5; < m. Hence,

testi,add(e, h,q')) < (i = h vVtes(i,¢'))  (Lem.12.3)
— ('L =hVi< m)
—i<m

H:q :=removel, ¢);
testi,removél ¢')) — testi, ¢')(Lem. 22.3)— i < m.

ctesti,¢) = 0/ <i <l +n.

Summandg” and H need to be checked.
F: ¢ :=adde,h,q); under conditio’ < h < ¢' + n;

tes(i,adde, h,q')) < i = h V testi, ¢') (Lem. 12.3)
—i=hV{l<i</l+n
0 <i</l+n

H: 0 :=5(),q :=removél q);

tes(i,removél’ ¢')) < test(i,¢') Ni £ V' (Lem. 22.3)
=0 <i<l+nNi#l
- S <i<SW)+n

7 <m.

Summands! and H need to be checked.

A:m = S(m);

' <m < S(m).

H: ¢ := S(¢'); under conditiortes{?', ¢');

By Invariant 15.6test ¢, ¢') implies¢’ < m. SoS(¢') < m.

. next-empty’, ¢') < m.

By Invariant 15.8/" < m. Furthermore, by Invariant 15.6¢tes{m, ¢’). Hence, by
Lemma 23.1 we can obtain the followingext-empty’, ¢') < m.

next-empty?’, ¢') < ¢’ + n.

By Invariant 15.7;-tes{¢'+n, ¢'). Hence, by Lemma 23.hext-emptyt’, ¢') < ¢'+n.
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11. testi, q) — ¢ < i.
Summandsi, M, P and( need to be checked.
A: q:=addd,m,q);
By Invariant 15.2 and 15.9, < m. So

testi,addd, m,q)) < i = m Vtes(i,q) (Lem. 12.3)
—i=mVL<jg
— 0 <1

M, PandQ: ¢ :=h',q :=releasél, h', q);

testi, release¢’, h', q)) — tes(i, q)(Lem. 22.5)— ¢ < i.
12. ( < i< m — testi,q).

Summandsi, M, P and@ need to be checked.

A:m = S(m), ¢ :== addd, m, q);

By Invariants 15.2 and 15.9,< m. So

(<i<Sm)—=Ll=mVIi<i<m
—i=mVtesti,q)
— testi,addd, m, q)) (Lem. 12.3)

M: 0 :=h,q:=releasél, k', q); under conditiory’ = 1;
g =1, so by Invariant 15.3, < h’. Hence,

W<i<mel<i<mA-{l<i<Cl)
—tes{i,q) A —-(0 <i < k)
— tes(i,releasél, 1, q)) (Lem. 22.5)

Summands’ and@ hold similarly under condition’ = 3.
13. m </ +n.
Summandsi, M, P and(@ need to be checked.
A:m := S(m); under conditionm < ¢ + n;
ThenS(m) < ¢+ n.
M: ¢ := h'; under conditiory’ = 1;
g =1,so0by Invariant 15.3, < h'.Hencem < {+n < h' +n.
Summands® and@ hold similarly, under conditiop’ = 3.
14. (¢ =3V g=4) — next-empty?’, ¢') < h+n.
SummandsB-H, S andT need to be checked. Among these only summandg
andH are non-trivial, because in other cageg 3, 4.
B: g := 4, h := k; under conditiortes{k, q);
By Invariant 15.9,next-empt{?’, ¢') < m. By Invariant 15.13n < ¢ + n. Since
testk, q), Invariant 15.11 yieldg < k. Sonext-empt{?’. ¢') <m < {+n < k + n.
E: g := 3; under conditiory = 4;
g = 4 impliesnext-empt{?’, ¢') < h + n.
H: 0 :=5(0),q :=removél, ¢') under conditiones{?', ¢');

next-emptyS(¢'), removeér, ¢'))

= next-emptyS(¢'), ¢') (Lem. 23.3)
= next-empty’’, ¢') (test?, ¢))
<h+n

15. ¢ <i < B —test(i, ¢').
Summands’, H, I, K, M andO-Q need to be checked. Among these only sum-
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mandsF, H, I and O are non-trivial, because in other cagés:= 0, and hence
¢" <i < h' does not hold.

F:q¢ :=adde,h,q);

' <i<h —testi,q) — testi,add(e, h,q')) (Lem. 12.1).

H: 0 =S, q :=removél, ¢);

SW)y<i<h <l <i<hWNi#l —testi,¢)Ni#{ — tes(i,removél, q'))
(Lem. 22.3).

I'andO: b’ := next-empty’, ¢');

By Lemma 23.1¢' < i < next-empty/’, ¢') — testi, ¢').

(9=3Vvg=4)Atesth,q) — retrievgh,q) =e¢

Summandsi-G, M, P, @, S andT need to be checked. Among these only summands

A,B,E andM are non-trivial, because in other cageg 3, 4.

A: g :=addd,m,q);

By Invariant 15.5g = 3V g = 4 impliesh < m. Hence/etrieveg h,addd, m, q)) =
retrievelh, q) = e (Lem. 12.4).

B:g:=4,e:=retrievk, q), h = k;

retrievgk, q) = retrievgk, ¢) holds trivially.

E: g := 3; under conditiory = 4;

If tes{h, ¢), then in view ofg = 4, retrievgh, ¢) = e.

M, P andQ: q := releasél, 1/, q);

Let (¢ = 3V g = 4) Atesth,releasél, 1/, q)). By Lemma 22.5-(¢ < h < I).
Hence, by Lemma 22.@etrieve h, releasél, ', q)) = retrievgh, q) = e.

testi, ¢) Ntesti,¢') — retrievei, q) = retrievei, ¢').

Summandsi, F, H, M, P and@ must be checked.

A: g :=addd,m,q);

By Invariant 15.6testi, ¢') impliesi # m. Hence

testi,add d, m, q)) N testi, q’)
— testi, q) ANtesti, q') (Lem. 12.3)
— retrieve(i, ¢) = retrieve(i, ¢')
— retrieve(i, add(d, m, q)) = retrieve(i, ¢') (Lem. 12.4)

F: ¢ :=adde, h,q); under conditiory = 3;
Lettes(:, q) A testi,add(e, h, ¢')).
CASE 1:i # h.

testi, q) Atesti,adde, h,q))
— testi, q) Ates(i, q') (Lem. 12.3)
— retrieve(i, q) = retrieve(i, ¢')
— retrieve(i, q) = retrievgi,adde, h, ¢’)) (Lem. 12.4)
CASE 2:i = h.
Thenretrievei, adde, h, ¢')) = e using Lemma 12.4. Suppose thes${’, ¢). Invari-
ant 15.16 together with = 3 yieldsretrieve h, q) = e, which isretrievei, ¢) = e.
Thereforeretrieve(i, add(e, h, ¢')) = retrievei, q).
H:q¢ :=remové/, q¢); [8]
By Lemma 22.3testi, remové(’ ¢')) impliesi # ¢'.
tes{i, ¢) A tes(i,remove/’’, ¢'))
— testi, q) Atesti, ¢') (Lem. 22.3)
— retrieve(i, q) = retrievegi, ¢') = retrieve(i,remové(’ ¢')) (Lem. 22.4)

M, P andQ: q := releasél, 1/, q);
By Lemma 22.5tes{i, releasg’, 1’, q)) implies—(¢ < ¢ < h’). Hence,
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tes(i, releas¢’, ', q)) Atesti,q')
— testi, ¢) Atesti, ¢') (Lem. 22.5)
— retrievei, ¢') = retrievei, q)
— retrievei, ¢') = retrieve(i, releasé/, i/, q)) (Lem. 22.6)

18. (¢ =3V g=4)Atesth,q') — retrievgh,q') = e.
Summands3-H need to be checked. Among these only summands and H are
non-trivial, because in other cases- 3, 4.
B: g =4, e :=retrievek, q), h := k; under conditiontes{k, q);
If tes{(k, ¢’), then by Invariant 15.1%etrievek, ¢') = retrievek, q).
E: g := 3; under conditiory = 4;
If tes(h, ¢’), then in view ofg = 4, retrieve(h, ¢') = e.
H:q :=removel, q),
Letg = 3V g = 4 andtest{h,remové(’ ¢')). By Lemma 22.3) # ¢'. Hence, by
Lemma 22.4 we can derivestrieve(h, removel’, ¢')) = retrievgh, ¢') = e.
19. ¢ <iAj < next-emptyi,q) — qli..j) ='[i..7).
We apply induction onj — i.

e If i > j,theng[i..j) = () = ¢[i..7).
e If 1 < j, theni < next-empty,q’), thereforetes(i,¢'), and hence < m by
Invariant 15.6. Now < i < m, so by Invariant 15.18s(7, ¢). Hence,

qli..j) = inb(retrieve(i, q), ¢[S(7)..5))
=inb(retrieve(i, q), ¢'[S(i)..7)) (i.h.)
=inb(retrievegi, ¢'), ¢'[S(7)..5)) (Inv. 15.17)
= ¢'li..j)-

C. proofs of Propositions 16, 18 and Lemma 17

Proof of Proposition 16

Aem</l+n«— in-WindOV\(€|2n,m|2n, (€|2n + n)|2n)
m<{l+n—{<m<{+n(Inv.15.2 and 15.9)-
iN-window(/|a,,, m|an, (€ + n)|2,) (Lem. 24.5).
Reverselyin-window/|a,,, m|an, (£ + n)|2n) — m4+n < VL <m < {+nVm >
¢+ 2n (Lem. 24.6)«< m < £+ n (Inv. 15.2, 15.9 and 15.13).
Furthermore, by Lemma 21.1 + n)|2, = (¢]2n + 1) |2n-
o S(m)|an = S(m|an)|2n-
This follows from Lemma 21.1.
o add(d, m, ¢)|2, = addd, m|s,., |-
testk, q) — ¢ < k < m by Invariants 15.4 and 15.11. This together with Invariant
15.13 and Lemma 14.8 gives addd, m, q)||2, = add(d, m|ay, q||2n)-
B e testk,q) — retrievek, q) = retrievg k|, q||2,)- This follows from Lemma 14.3
and Lemma 24.3 together with Invariant 15.7.
o next-emptyls, ¢5)|on, = Next-emptis,, (€|, , ¢l|2n, ). This can be derived from
Lemma 14.5 and Lemma 24.4 together with Invariant 15.7.
F e (' <h</l+n)Ag=3 in-window/|s,, h|on, (¢'|2n + n)|2n) A g = 3.
Letg = 3. By Lemma 23.2{' < next-empt{/’, ¢’), and by Invariant 15.14 together
with ¢ = 3, next-empty/’, ¢') < h + n. Hence,/’ < h + n. Furthermore, by
Invariant 15.5 together with = 3, h < m, by Invariant 15.13;n < ¢ 4+ n, and by
Invariants 15.2 and 15.10,< ¢’ + n. Henceh < ¢’ 4+ 2n. So using Lemmas 24.5
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and 24.6, it follows that’ < h < ¢ +n « in-window{'|a,,, h|2n, (¢’ + 1)|2,). BY
Lemma 1.1{¢ 4 n)|on = (¢'|2n + 1) |2n-

' <h<l+n—adde,h,q)| 2 =adde, h|a, ¢ ||2n)-

This follows from Invariant 15.7 and Lemma 14.8.

g=3— releasé@, h/27 q2)||2n2 = releas¢2m (€2|2n27 hl2|2n27 q2 |2n2)'

Let ¢ = 3. By Invariant 15.3/¢, < R). By Invariant 15.1, Invariant 15.9 and
Invariant 15.13,4, < ¢ + ny. By Invariant 15.11, Invariant 15.4 and Invari-
ant15.13testk, ¢2) — (5 < k < {5+ny. Using all these abovementioned and also

Lemma 14.7, we gatleas€/ls, hi, q2)||2n, = releasey,, (¢2|an,, s |2ny, 42|20, )-

o ~(!' <h</l +n)Ag=23 < =in-Window ' |a,, h|an, (¢'|2n, + n)|2n) A g = 3.
This follows immediately from the first item of].

® g =3 — releasely, hy, Q2)||2n2 = releas%m(@‘?nzv hl2‘2n27 Q2||2n2)'
This is identical to the last item of].

o test?, ¢') =testl|an, ¢'||2n)-
This follows from Lemma 14.2 and Lemma 24.2 together withalmant 15.7.

e test{/, q') — retrievel’, ¢') = retrievgl'|s,, ¢'||2n)-
This follows from Lemma 14.3 and Lemma 24.3 together withahant 15.7.

® S(0)|2n = S(U'|2n)]2n-
This follows from Lemma 21.1.

e removél q')||2, = removel |a,, ¢'l|2n)-
This follows from Lemma 14.6 together with Invariant 15.7.

o next-emptye’, ¢')|5, = next-empti, (¢'[2,, ¢'ll2n)-
This follows from Lemma 14.5 and Lemma 24.4 together withalmant 15.7.

e ¢ =1—release¢l, 1/, q)l||2, = releasey, (¢|2n, h'|on, ql|2n)-
Let ¢ = 1. By Invariant 15.3 together with’ = 1, ¢ < h’. By Invariant 15.1,
R < next-emptyl’, ¢'). By Invariant 15.9 next-empty/’. ¢') < m. By Invariant
15.13,m < ¢+ n. Sol < h' < { + n. Hence, the desired equation follows from
Lemma 14.7 together with Invariants 15.4, 15.11 and 15.13.

SummandsV, O, P, , R, S andT are the mirrors of the summands B, F, G, H, I
and M respectively.

Proof of Lemma 17

To start with, we evolve to a state where the first part of thejutction holds. First we
show that from each state whege# 5, a state withy = 5 can be reached by means of
internal actions. Next we show that from each reachable sthereg = 5, a statef, with
¢ =mV {=/{ +ncan be reached by means of internal actions.

e Consider a state with # 5.

We argue by a case distinction on the valug dfiat we can perform internal actions
to a state withy = 5.

If ¢ = 2, with summand”' we can gety = 1. Then with summand’ we can get
g = 9.

If ¢ = 4, we can geyy = 3 with summand~, and then with either summaridor G
we can geyy = 5.

Consider a reachable state with= 5.

We prove by induction omin{m, ¢ + n} — next-empty’, ¢') that a state, with

¢ =mV/{ =/ +ncan be reached by a sequence of internal actions. By Intarian

15.9 and 15.1yext-empty!’. ¢') < min{m, ¢’ + n}.
* next-emptyl’, ¢') = min{m, ¢’ + n}.
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x g # 5.
We argue by a case distinction on the valugyofhat we can perform internal
actions to a state withf = 5, g = 5 andnext-empt{/’, ¢') = min{m, ¢’ + n}.
If ¢ =2 org =4, with summandy we can gety’ = 5.
If ¢’ = 1, with summand\/ we can gety’ = 5.
If ¢’ = 3, with either summand or ) we can gey’ = 5.
The values ofy , /', ¢’ andm remain unchanged during all these transitions.
Henceg = 5 andnext-empty!’, ¢') = min{m, ¢’ + n} still hold.

x g =b.
We argue that we can perform three internal actions to a sfa¢ee the relation
¢ = next-empty?’, ¢') = min{m, ¢’ + n} holds.
Sinceg’ = 5, with summand we can get t2' = next-empty/’, ¢') andg’ = 2.
Then with summand we can gett@g’ = 1, while 4/, ¢ andq’ remain unchanged.
Now with summand\/ we can get to a state whefés given the value of’ =
next-empty’’, ¢’), while ¢ andq’ remain unchanged. Henée= min{m, ¢’ + n}
by the assumption. Therefofe=m Vv ¢ = ' + n.

x next-empty?’, ¢') < min{m, ¢’ +n}.

By Invariant 15.2¢ < next-empty’, ¢'). Using this, the assumption and Invari-
ant 15.12, we havies{next-empt/’, ¢’), ¢). Since moreover by assumptign= 5,
with summandB we can get to a state where = 4, e = retrievgk,q) and
h = next-empt{’, ¢'). Then with summand:s we can geyy = 3, while all other
data parameters remain unchanged. By Lemma 232 next-empty/’, ¢'). So by
the assumption we can use summantb go to a state wherg= 5 andq’ changes
to add(e, next-empty’’, ¢'), ¢'). Now by Lemmas 12.7 and 23.2:

next-empty’’, add(e, next-empty?’, ¢'), ¢')) =

next-emptysS (next-empty’’, ¢')), ¢') > next-empty?’, ¢').
In all the transitions above, andm remain unchanged. Moreover, no elements
were removed fromy’, so thatnext-empty/’, ¢') did not decrease. Therefore we
can apply the induction hypothesis to conclude that we caohra state&, with
¢ =mV { =1/ 4+ n by asequence of internal actions.

We continue fromg, to reach a focus poirg. We need to check that the property

¢ =mV{={+ nremains correct when a transition is performed. Using alami
strategy as in the first part, we show that from each reacltsiaie wherg/ # 5 and

¢ =mV{ = /{ + n, with a couple of internal actions we can reach a state where
g =5andl =mV ¢ =/ +n. Next we show that from each such state a focus point
can be reached by a sequence of internal actions.

* Consider a reachable state with£ 5 and/ = m \V £ = (' + n.
We show how to reach to a state whete= 5 and still/ = m Vv ¢ = ¢/ + n. With
summandy, M, P or Q we can gety = 5. In case of summanA’ the values of,
m and/’ remain the same, but using the other summadnsseplaced by:’. Hence
it remains to prove that’' = m v k' = ¢’ + n holds in reachable states wigh# 5.
By Invariants 15.1 and 15.9/ < m. Furthermore, by Invariants 15.1 and 15.10,
R < ¢ + n. Henceh/ < min{m, ¢ + n}. On the other hand, by Invariant 15.3
andg’ # 5, ¢ < h'. Furthermoref = m VvV ¢ = (' + n by assumption. Hence
min{m, ¢+ n} < h'. Thereforeh’ = min{m, ¢' +n}. Thisimpliesh’ = mV k' =
U+ n.

* Consider a reachable state with=5and/ =m V { = ¢ + n.
We prove by induction omin{ms, ¢5 + ns } — next-emptyts,, ¢5) that a focus point
can be reached by a sequence of internal actions. By Iniard&m9 and 15.10, we
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obtain:next-empty/;,, ¢}) < min{ms, ¢, + ns}.
* next-emptyrh, ¢5) = min{ma, £ + ns}.

- g #5.
With summand), F', G or'T'we can go to a state with= 5, ¢/ = mVv{ = {'+n
andnext-empt{t,,, ¢5) = min{my, ¢5, + ny}.

- g =29.
We argue that we can perform three internal actions to a Stetieere these
equalities hold?, = next-empt{(,,, ¢5) = min{ma, ¢}, + ny}. Sinceg = 5,
with summandS we can go to a state with,, = next-empt{/,,¢,) and
g = 2. Then with summand’ we can gety = 1, while %), ¢, and ¢, re-
main unchanged. Now with summalfidwve go to a state wherg is given the
value of b, = next-empty, ¢5) and/, andg¢, remain unchanged. Therefore
Uy = next-emptyls, ¢5) = min{mo, l, + na}t. S0ly = my V ly = U} + n.
Moreover! = m V¢ = {' + nin &, sincel, m and? remain unchanged during

N

the transitions above. Hend&”'(¢).

x next-emptyrs, ¢5) < min{ma, €5 + ns}.

By Invariant15.2/, < next-empty/},, ¢5). So by Invariant 15.12 together with
the assumptiortes{next-emptyt;,. ¢;), ¢2). Sinceg’ = 5, with summand) we
can go to a state withl = 4,
ey = retrievegnext-emptyll, ¢5), ¢2) and hy = next-emptil,, ¢5). Then with
summandZ we can gety = 3, while all the other data parameters re-
main unchanged. By Lemma 23.2, < next-empty(,, ¢;). By the assump-
tion we can go with summang to a state wherg’ = 5, and¢, changes to
add(ez, next-emptyts,, ¢5), ¢5). Then by Lemmas 12.7 and 23.2:

next-empti’,, add(eq, next-emptils, ¢5), ¢)) =

next-emptyS (next-empti(s,, ¢,)), ¢5) > next-emptyls, q).
¢, andmy remain unchanged through all these transitions, and/al8andm
did not change. Therefore we can now apply the induction thgsis to con-
clude that a focus poirgtcan be reached by a sequence of internal actions.

Proof of Proposition 18

By the cones and foci method (see Theorem 7) we obtain theefsly matching criteria (see
Definition 6). Trivial matching criteria are left out.

Class I:

Class Il:

A <h<l +nhg=3 —

¢(ma q, élv qlv ma,q2, élZa q/2) = ¢(mv q, éla addev ha q/); ma, relea3é£27 h’l27 q2)a £I27 QQ)

< h <l 4 n)ANg=3— g2(ma,q2, 0y, q5) = P2(me, releaséls, hy, q2), 05, g5)
. gl =1- ¢l(m7qa‘€l7ql) = ¢1 (ma I’eleaSQé, hlaq)a‘gl7q1)
Ay <hy <ly+mnaNg =3 —

¢(ma q, élv q/v ma,q2, élZa q/2) = ¢(mv releaséév h/v Q)a é/v q/v ma,q2, £/25 ad({QQ; h?a q/2))

ol <hg <th4+na)ANg =3 — p1(m,q, 0, q') = ¢p1(m,releasél, b/, q), ¢, q")
-9 = 1 — ¢2(m2aq27€/2aq/2) = ¢2(m27releaséé27hl27q2)a‘€l27qé)

1.m<{+4+n — lengthl¢1(m,q,¢,q")) < 2n

2. tes{(?',q') — lengthlpi(m,q,¢',¢")) >0

3.mg <l +ng — lengthga(ma, g2, 05, q5)) < 2ns
4.testly, q5) — length(ga(ma, g2, 5, q5)) >0
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Class lII:
1L.=mVe=L0+n)A(ly =ma VLl =L+ ny) Alength(¢r(m,q,0',¢')) <2n — m<L+n
2.=mVve=L0+n)A L2 =mqVLly =L+ n2) ANlengthei(m,q,0,¢)) >0 — tes(¥,q’)
3.(l=mVvl= 0+ ’n)/\(ég =maVly = [2 + na) A length(¢a (ma, L]g,fé, qé)) < 2ng — ma < fy 4+ ngy
L =mVE= 0+ n) Al = ma V€ = &+ nz) A length(a(ma, g2, £,¢4)) > 0 — testlh, qb)

Class IV:

1.tes(¢',q') — retrievel’,q") = top(¢p1(m,q, 0, q"))
2. tes(t, qb) — retrieve(th, ¢b) = top(¢2(ma, g2, 05, q5))

Class V:
IL.m<fl+n — ¢1(S(m),addd, m,q), ¢, q,) = appendd, 1 (m,q,t',q"))
2.tes{(?',q') — &1(m,q,S("),removél’,q')) = tail(p1(m,q, ', q"))
3.mg < Ly +ng — $2(S(m2),addd, m2, q2), 05, g5) = appendd, ¢ (ma2, g2, £3, ¢3))
4.tes(ly, qy) — ¢2(ma, g2, 5(f5), reMOVEls, gy)) = tail(d2(ms; g2, £, 43))

Since in each class there is an analogous counterpart forceideria, because of the nature
of our protocol, hence we only prove one of each these pairs.

[.1 With respect to the definition af, we prove this foky; and¢, in separation.
e Firstwe prove’ < h < {'+nAg =3 — ¢1(m,q,0',q") = $1(m,q,¢';adde, h,q')):

case 1. Whenh#next-empty’, ¢'). Thennext-empty’, adde, h,¢')) =
next-empty’’, ¢') (Lemma 12.6). Hence
add(e, h, ¢')[¢'..next-empty’, add(e, h, ¢')))+H-q[next-empty’, adde, h, ¢'))..m)
= adde, h, ¢')[¢'..next-empty’, ¢'))+Hq[next-empty’. ¢')..m).

—when in additiortest/, ¢), holds:
By Invariant 15.18 together withes{h,¢’) and ¢ = 3, retrievgh,q) =
e. So by Lemma 25.9 antesth,q’), adde, h,q)[¢'..next-empty’ ¢')) =
¢ [¢'..next-emptiy’ ¢')).

—when—tes{h, ¢') does not hold:
Sincel’ < h, by Lemma 23.1next-empty’, ¢') < h. Then (by Lemmas 25.6,
12.5 and 25.6):
add(e, h, ¢')[¢'..next-emptyl’, ¢')) = removéh,adde, h, ¢'))[¢'..next-empty’, ¢'))
= removéh, ¢')[¢'..next-emptyt’, ¢')) = ¢'[¢'..next-empty’, ¢')).

case 2. h=next-empty/’. ¢'). Then
(a) next-empty’, adde, h,q')) = next-emptiy?’ adde, next-empty’. ¢'), ¢'))
= next-emptyS (next-emptit’. ¢')), ¢') = next-emptyS(h), ¢') (Lemma 12.7)

(b)add(e, h, ¢")[¢'..h) = removéh,adde, h,q'))[l'..h)
= removéh, ¢')[¢'..h) = ¢'[¢'..h) (Lemmas 25.6, 12.5 and 25.6)

(c) By Invariant 15.2¢ < h, and by Invariant 15.5 together with= 3, h < m.
Thus, by Invariant 15.12esth, ¢). So by Invariant 15.16 together with= 3,
retrievgh, ¢) = e. Hence,
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add(e, h, ¢')[h..next-emptyS(h), q'))
=inl(retrieveh,adde, h, ")),
add(e, ., ¢')[S(h)..next-emptys(h), ¢))
=inl(e,addle, h, ¢')[S(h)..next-emptyS(h),q'))) (Lem. 12.4)
=inl(e, ¢'[S(h)..next-emptyS(h),q'))) (Lem. 25.6)
=inl(e, ¢[S(h)..next-emptyS(h),q’))) (Inv. 15.19)
= q[h..next-emptyS(h), q'))

Combining (a), (b) and (c), by the assumption and Lemma 28e2pbtain:
¢ < h < next-emptyS(h),q’). Furthermore, by Invariant 15.65testm, ¢'),
and by Invariant 15.5 and = 3, S(h) < m. So in view of Lemma 23.1,
next-emptyS(h),q') < m.

adde, h, ¢')[¢'..next-empty’. adde, I, ¢')))
+H-q[next-empty’, add(e, h, q'))..m)
=addee, h, ¢')[¢'..next-emptyS(h), "))

+q[next-emptyS(h), q')..m) €))
= (add(e, h, ¢")[¢'..h)+Hadde, h, ¢')[h..next-emptyS(h), ¢')))
+q[next-emptyS(h), q')..m) (Lem. 25.5)
= (¢'[l'..h)++q[h..next-emptyS(h), q)))
+g[next-emptyS(h). ¢')..m) (b), (c)
= ¢'[0'..h)++q[h..m) (Lem. 25.1, 25.5)

= ¢'[(..next-empty’, ¢'))-Hq[next-empty’. ¢')..m)

e Second we prove:
U< h<l+nANg=3— ds(ma, 2,05, q) = d2(mo, releasels, hy, g2), 5, 43).

By Invariant 15.14) < next-empty/},, ¢5). So by Lemma 25.7,
releaséls, hj, g2)[next-emptils, ¢;)..ma) = go[NEXt-emptyls, ¢5)..ms)
1.2 _'(6/ S h < v +n) /\g =3— ¢2(m27 q2, 6/27 qé) = ¢2(m27 relea86§£2, h'/27 Q2)7 6,27 qg)
This can be proved in a similar way as the previous case.

1.3 g/ =1 — (b(m? q, €/7 q,7 ma, q2, 6/27 QQ) = (b(m? releas¢£, hl? q)7 6/7 q,7 ma, qa, 6/27 QQ)
By Invariant 15.15" < next-empt{/’, ¢'). So by Lemma 25.7

releasé/’, ', q)[next-emptyl’, ¢')..m) = q[next-emptiyl’, ¢')..m).
L1 m < {+n — lengthoi(m,q,0,q)) < 2n.

length(¢'[¢'..next-emptyl’, ¢')) +H-g[next-empty’, ¢')..m))
= length¢'[¢'..next-empty’’. ¢'))) + length(g[next-empty’, ¢')..m))) (Lem. 25.2)

= (next-empty?’, ¢') — ') + (m — next-empti’’, ¢')) (Lem. 25.4)
<n+(m =) (Inv. 15.2, Inv. 15.10)
<2n (m < l+n)

1.2 tes(',¢') — length(éy(m,q,',q')) > 0

Using test?’, ¢’') together with Lemma 23.2, we can obtamext-empty’, ¢') =
next-emptys(¢'),q") > S(¢'). Hence, by Lemmas 25.2 and 25.4,

0 < (next-empty?’, ¢') — ') + (m — next-empty’, ¢'))
=length(¢'[¢'..next-empty’, ¢'))+q[next-empty’, ¢')..m))
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.1 (6 =mV{=10+ n) A (62 =mg Vil = 6/2 + ng) A |engtf(¢1(m,q,€’,q’)) <
2n — m<fl+n
case 1: { =m.
Thenm < ¢ + n holds trivially, sincen > 0.
case 2: { = /(' +n.
By Invariant 15.10next-empty’, ¢') < ¢’ + n. Hence,

length¢'[¢'..next-emptyl’, ¢'))+H-q[next-empty’, ¢')..m)) < 2n
— (next-empty?’, ¢') — ¢') + (m — next-empty?’, ¢’))) < 2n
—m =1 <2n (Lem. 23.2)
—m<Ll+n (=10 +n)

1.2 (6 =mV/I{=1"0+ n) A (62 = mo V ly = 6/2 + ng) VAN |engtf(¢1(m,q,€’,q’)) >
0 — tes(?,q).
case 1: { = m.
Thenm — next-empty?’, ¢') < (m — £)(Inv. 15.2)= 0, so

0 < length(¢'[¢'..next-emptyl’, ¢'))++-q[next-empty’, ¢')..m))
= next-empty’’, ¢') — ¢’

Hencenext-empt{’, ') > ¢', which impliestest?’, ¢).

case 2: / = (' + n.

Then by Invariant 15.Qyext-empty?’, ¢’') > ¢’ + n, which impliestes{?’, ¢').
IV test?,q') — retrievd?, q') = top(é1(m,q,0,q)).

tes(?', ¢'), thereforenext-emptyl’, ¢')=next-emptyS(¢'), ¢')>S(¢') (Lemma 23.2)

Hence, ¢'[¢'..next-empty?’, ¢')) = inl(retrieve(’,q'), ¢'[S(¢')..next-emptyl’, ¢'))).
This implies:

top(q'[¢'..next-emptyl’, ¢')) +Hq[next-empty’, ¢')..m)) = retrievg?’, ¢').
Vim<{l+n — ¢1(S(m)7 add(d> m, Q)> Ela q/) = appen(ada ¢1 (mv q, Ela q,))

q'[¢'..next-empty?’, ¢'))+

addd, m, ¢)[next-empty’, ¢')..S(m))
=q'[('..next-emptyl’, ¢'))+

appendd, g[next-empty’’, ¢')..m))  (Lem. 25.8, Inv. 15.9)
= appendd, ¢'[¢'..next-empt{’, ¢')) -+

g[next-empty’’, ¢')..m)) (Lem. 25.3)

V.2 test?',q¢') — ¢1(m,q, S('),removél q')) = tail(p1(m,q, 0, q")).
remové/’, ¢')[S(¢')..next-emptyS(¢'), removel, ¢')))

+-g[next-emptyS(¢'), removél, ¢'))..m)
=remové/, ¢')[S(¢')..next-emptyS(¢'), ¢'))+

g[next-emptyS(¢'),q’)..m) (Lem. 23.3)
=remove/l, ¢')[S(¢)..next-emptyl’, ¢'))-Hq[next-empty’, ¢')..m) (tes(?’, ¢'))
=¢'[S(¢)..next-emptyl’, ¢'))+H-q[next-empty’, ¢')..m) (Lem. 25.6)

= tail(inl(retrievg?’, ¢'), ¢'[S(¢')..next-emptyt’, ¢')))
+H-g[next-empty’, ¢')..m))
=tail(¢'['..next-empty’, ¢'))+-q[next-empty’, ¢’)..m)) (test?',q"))
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D. Formalization in PVS

Example 26 releasé, j, ¢) is obtained by emptying positionsip toj in ¢, as it is defined
in Section 3. The original definition was the one below whiehmodified, because PVS
detected non-termination on it.

releaséi, j, q) = if(i = j, ¢, releaséS(i), j, removeéi, q)))

It is non-terminating wheri > j. Therefore we replaced = j with ¢ > j in the case
distinction above.

Example 27 release, (i, j, ¢) behaves similar to releage j, ¢) modulon. The previous error
on the releasg, j, ¢) definition does not apply here, sindg will not grow beyond: — 1.
First, we defined it as follows:

release, (i, j, q) = if(i = j, ¢, releas€S (i), j, removéi, q)))

This definition met our expectations, except there was agtented problem inside of it, that
can cause a non-termination. This problem occuis+# j + 1 andj > n. Thus we modified
the above definition to:

release, (i, j, ¢) = if(il, = jln, ¢, releasé, (5(i), j, removeil,,, q)))

This new definition works properly and is terminating. In g 2, it is shown how the aux-
iliary function dm measures this function’s reduction, to make sure it is total

Below we list all auxiliary lemmas faN and Bool that PVS requires to be defined and
proved literally, while in the:CRL proof we considered them as trivial facts. For the proofs
the reader is referred et tp: //homepages . cwi.nl/~vdpol/piggybacking.html.

Lemma 28 The following statements hold fer> 0 andi, j € N:

1.i>0 — +nm>n

2.1>0 — 1 -n<1

3., <i

4. 5(@)]n < S(iln)

5 4, #n—1 — i, <S>

6.i<j — (idivn) < (jdivn)

7.1<j<i+n — (jdivn) = (idivn) V (j divn) = S(i divn)
8. testi,q|,) — i<n

9.i4+n<j<i+2n — —in-windowil|ay, jlan, (¢ + 1)|2n)
11 M) = A

12. tes(i,q) — testi|,, q|n)

Several data lemmas contain many back and forth steps ingrmf strategies in the
1CRL proof, which are complicated to be done in PVS, so thatesohthe proofs have been
restructured or modified in PVS in such a way that they can b&mdd without any detour.
For example, Lemma 24.5 is proved by using Lemmas 28.6 ada?®ve.
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State: TYPE+
Local: TYPE+
n, n2: posnat
e, e2: D

[nat,nat,Buf,Buf,nat,nat,nat,D,nat,nat,nat,D,nat,nat,nat,Buf,Buf,nat]
[D,nat]

Nmod:1lpe[Nnonmod_act, State, Local, 20] =

(# init := (0,0,null,null,0,5,0,e,0,5,0,e,0,0,0,null,null,0),
sums :=

LAMBDA (i:below(20))

LAMBDA (state:State, local: Local)

LET (1,m,q,q12,112,g,h,e,h12,g1,h2,e2,h1,12,m2,92,q91,11) = state,
(d,k) = local IN

COND
i=0 -> (#

act := rA(d),

guard := in_window(l,m,mod(1l+n,2%n)),

next := (1,mod(m+1,2*n),add(d,m,q),ql2,112,g,h,e, h12,g1,h2,e2,h1,12,m2,q92,q1,11)
#),
i=19 -> (#

act := sA(retrieve(l12,q12)),

guard := test(112,ql2),

next := (1,m,q,remove(112,q12),mod(112+1,2#%n2),g,h,e, h12,gl1,h2,e2,h1,12,m2,92,q1,11)
#)
ENDCOND #)

Figure 6. The formalization ofN,,,,; of SWP with piggybacking in PVS

1,m,112,g,h,h12,g1,h2,h1,12,m2,11: var nat
q9,91,92,912 : var Buf
e,e2: var D

inv_6_21_9 (1,m,q,q12,112,g,h,e,h12,g1,h2,e2,h1,12,m2,92,q1,11): bool= next_empty(1l1l,ql)<=m

Figure 7. An example of representing invariants in PVS



