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Chapter 1

Introduction

Social network analysis, i. e., the joint analysis of actors and relations among
them, rapidly gains importance in many scientific and commercial applica-
tions. Examples range from studies of organizational and communication
networks over to the analysis of Web-based user interaction. Statistical ap-
proaches in social network analysis are applied to model, estimate, and pre-
dict social interaction and behavior based on empirical data. In this course
you will learn mathematical and methodological foundations for modeling
social networks.

Statistical network modeling can yield mathematically precise statements
about uncertainty in social network data. Even under the assumption that a
social network has been collected or measured without any error, it is plau-
sible that the data will be different when we collect it again—at a different
point in time, on a different set of actors, under different environmental fac-
tors, and so on. Thus, we cannot know for sure how the network looks like
when we collect the data again (in reality or hypothetically); instead we
can specify a probability distribution encoding the information that some
network outcomes are just more likely than others. One or several network
observations can influence the probability distribution of other networks col-
lected at (real or hypothetical) repetitions of the experiment. A probability
distribution for social networks can serve several purposes: to predict future
network data, to learn rules that govern social processes, or to simply gener-
ate random networks that look like real data. In this lecture we treat several
(families of) probability distributions that are more or less realistic as models
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for social networks. A variable that has an outstanding effect on the nature
of the model is time. This lecture is split in two major parts where in the
first part we model networks without any time information and in the second
part we model the evolution of networks over time.
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Chapter 2

Time-independent Networks

In this chapter, we present and analyze random graph models that are in-
creasingly realistic as models for empirical networks. After an introductory
section in which some concepts from probability theory are revisited, we
present several models of increasing complexity. Statistical properties, such
as the expected values of certain graph characteristics, are derived and we
present algorithms to (efficiently) sample graphs from these models.

2.1 Preliminaries

In this section we recall some basic definitions from probability theory that
are needed later in this chapter.

Definition (probability space)

A (finite) probability space is a pair (X0, P), where Q) is a finite set and
P:Q — [0,1] a function satisfying ) ., P(z) = 1. The real value P(x) is
called the probability of z. The probability of a subset X C € is denoted by
P(X) and defined by P(X) =) _y P(x).

If ¢ is a Boolean condition defined on Q, we often write P(p(z)) instead
of P({x € Q : ¢(x)}). For instance, if Q@ = N we write P(x < 100) for
P{z e N : z <100}).

Definition (random variable)
Let (2, P) be a probability space. A (real-valued) random variable is a

3
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function X : 2 — R. The probability that a random variable X takes a real
number x € R is denoted by P(X = z) and defined by

PX=12)=P(X '(2))=P{we: X(w)=1a}) .

The function fx: R — [0,1]; x — P(X = x) is called the probability mass
function of X.

The expectation of a random variable X : Q0 — R is denoted by E(X) and is
defined by
E(X)= ) z-P(X=uz),

X (Q)

where X(Q) = {X(w) : w € Q} is the set of values of X.

One of the recurrent questions in this chapter is if and how an observed event
(such as the presence of an edge in a network) influences the probability of
another event (such as the presence of another edge in the same network).
To make such statements precise, we need the following definitions.

2.3 Definition (independence and conditional probability)
Let (£, P) be a probability space and let A, A, B C Q) be three subsets.

o A and A’ are called independent if P(ANA’) = P(A) - P(A).

e [f P(B) > 0, then the conditional probability of A, given B is denoted
by P(A|B) and defined by

P(ANB)

P(AIB) = 5

e If P(B) >0, then A and A" are called conditionally independent, given
B if
P(ANnA'|B) = P(A|B)-P(A'|B) .

2.2 Random Graph Models

A random graph model is a probability space on a set of graphs.
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Definition (random graph model)
A random graph model is a probability space (G, P), where G is a (finite) set
of graphs.

Remark (basic notation)

In this lecture we consider only random graph models (G, P), where all graphs
in G have the same set of vertices V; usually V- = {1,...,n} for a positive
integer n.

The set of dyads is denoted by D and consists of all elements that can be
edges in the respective graph model. For instance, in the case of undirected,
simple, loopless graphs with vertex set V' it is

D = {{u,v} : w,v eV, u#v}
and in the case of directed, simple, loopless graphs it is
D=V xV\{(v,v) : veV}.

In the case of graphs with loops, the “diagonal elements” (v,v) respectively
{v,v} = {v} are included in the set of dyads. The cardinality of D is usually
denoted by M in this lecture.

If no misunderstanding can arise, we denote a dyad connecting the vertices 1
and j by 17, both for undirected and directed graphs. In the case of undirected
graphs ij and ji denote the same dyad and we typically write ij (rather than
ji) if i < j. In the case of directed graphs ij and ji are different.

Definition (random variable of a random graph model)
A random graph model (G, P) is associated with a family of random variables

Y =(Y;: G = Rjep ,

defined in the following. For a fixed graph G € G the value of the random
variable Y;;(G) describes the state of the dyad ij in the graph G. In the case
of simple graphs this value is equal to one if 1j is an edge in G' and zero else.
In the case of multi-graphs the value Y;;(G) is a non-negative integer equal
to the multiplicity of the edge connecting ¢ and j in G.

It is easy to see that a graph G is uniquely described by the family of values
(vi; = Yij(Q))ijep. Therefore, the random graph model is uniquely described
by the joint distribution P(Y) of Y = (Yi;)ijep. Here, the joint distribution
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of the family of random variables Y = (Y;);jep is defined in the following
way: for a family of real numbers y = (y;; € R);;ep, the probability that Y
takes the value y is defined by

PY=y)=P{Ge@G: VijeD:Y;(G)=uy;}) .

The values (y;; = Yi;(G))ijep can be thought of as the entries of the adjacency
matrix associated with G.

The simplest possible random graph model assigns the same probability to
every graph.

Definition (uniform random graph model)
Let n > 1 be a positive integer, let G be the set of undirected, simple, loopless
graphs that have exactly n vertices, and let the mapping P be defined by

1 1
Pg—>R, P<G):2_M:2n(n*1)
2

Then G(n) = (G, P) is a random graph model.

Note that P(G) is indeed a real number from the interval [0, 1] and that P
is normalized since

1
ZP(G):|Q|-2ME:1.

Geg

The last equation holds since the number of graphs in G is equal to the
number of subsets of the set of dyads D. It is |D| = n(n — 1)/2 and thus

n(n—1)

{E < D} =25,

For two integers 7,7 with 1 < ¢ < j < n we associate the dyad ij with a
subset of graphs

G;j={G=(V,E)e G : {i,j} € E} ,

i.e., the set of all graphs that contain 5 in their edge set. The probability of
the edge ij is defined as the probability of G;;, i.e.,

P({i,j} € E) = P(G;) = > _ P(G) .

GeGij
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Likewise, two edges {7,j} and {u,v} are said to be independent if G;; and
Guv are independent, i.e., if

P(Gij N Guy) = P(Gij) - P(Guy) -

The notion of independence of two sets of dyads is made precise in the fol-
lowing definition.

Definition (independence of sets of dyads)

Let (G, P) be a random graph model with associated set of dyads D and
let Dy C D and Dy C D be two disjoint, non-empty sets of dyads. Then,
D, is said to be independent of D, if for all partitions D; = D U D and
Dy = D3 U D the subset

nguD;:{GEQ : ngEGandD;mEsz}
is independent of

Gpsupy ={G €G : Df C Eg and D; NEg =0} .

Intuitively, the above definition requires that no matter how the dyads in D,
are restricted to be edges or non-edges, the edge-probabilities for elements of
Dy are left unchanged.

With the above notation we can show that edges are mutually independent
in the uniform random graph model G(n).

Lemma

Let n be a positive integer and let i,j be two integers with 1 < i < j <
n. Then, the edge {i,j} is contained in a graph drawn from G(n) with
probability 1/2, independent of any set of dyads.

Proof.  The two sets
{(V.E)e G : {ijy e E} and {(V,E)eG : {i,j} ¢ E}

have the same cardinality, are disjoint, and their union equals G. Since every
graph has the same probability in G(n), it follows

PA(V,E)eG : {i,j}e E})=1/2 .

The same reasoning applies if any two disjoint subsets D™, D~ C D\ {4, j}
of dyads are fixed and we compute the conditional probability of {(V, E) €
G : {i,j} € E}, given DT C FE (i.e., all dyads in D™ are edges) and given
D NE =1 (i.e., no dyad in D~ is an edge). O
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To get a feeling into the properties of graphs sampled from a random graph
model—in particular, to assess whether a random graph model is realistic as
a model for empirical networks—it is often insightful to consider the expec-

tation of certain graph properties. In the following we denote the number of
edges of a graph G € G by m(G).

Lemma
Let n be a positive integer. The expected number of edges of graphs in G(n)

" n(n —1)

4
and, thus, the expected density of graphs in G(n) equals 1/2.

Eg(n)[m] =

Proof.  Trivially, the number of edges of a graph G = (V, E) can be written

as
m(G) =) x.(G) .
eeD
where the characteristic function x.: G — {0, 1} is defined by (let Es denote
the edge set of the graph G)

1 ifee Eg
0 else.

Xe(G) = {

From the linearity of the expectation it follows that

Eg[m] =Y Egmlxe] =Y Ple€E) - 1+Peg¢E) 0=-———

ecD eeD

The uniform random graph model G(n) is very unsatisfactory as a model for
empirical networks. For instance, it is typically observed that the density of
networks tends to zero when the number of vertices increases. (Many more
arguments could be given that G(n) does not realistically model empirical
networks.) A random graph model that allows to control the expected density
is defined in the following section.
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2.11 Definition (G(n,p))
Let n be a positive integer and p be a real number from the interval [0, 1]. The
random graph model G(n,p) on the set of undirected simple, loopless graphs
with exactly n vertices is induced by defining that each dyad {u,v} € D is
an edge with probability p, independently on any set of dyads that does not
contain {u,v}.

2.12 Remark
1. In this section, let ¢ = 1 — p denote the probability of a non-edge. To
exclude trivial cases, we assume that p is neither zero nor one.

2. The model G(n,p) is equivalently specified by defining the probability
of a graph G as

P(G) = p™@g™ 7 —m(@

This follows by multiplying the probabilities for edges and non-edges,
respectively, over all dyads. (Multiplication is valid since edge-probabilities
are by definition independent in this model; see Lemma 2.13 below.)

3. The uniform random graph model from the previous section is identical
with G(n, 3).

4. The expected density in the model G(n,p) is equal to p. Consequently,
the expected degree of any vertex is p-(n—1) and the expected number
of edges is p - @ This follows by the same techniques as for the

G(n) model in Lemma 2.10.

5. Sequences of random graph models G(n,p,) with growing number of
vertices that are sparse with constant expected degree can be generated
by choosing p, € ©(1/n).

2.13 Lemma
Letn>1,p € [0,1], and ¢ = 1 —p. The probability of a graph G with m(QG)
edges in G(n,p) is
P(Q) = pm @™ mO
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Proof.  Let D be the set of dyads and Eg be the set of edges of G. It is

{G} = ﬂgdﬁ ﬂ [

deEg deD\Eg

Since every dyad is independent of every set of dyads, the probability of
an intersection of subsets is equal to the product of the probabilities of the
individual subsets. In particular,

P(G) = P{G})

deEg deD\Eg
= [[ pGa- II PG
deEg deD\E¢g

- T0» 1] «

deEq deD\Eg

m(G) (M5 -m(@)

= P

2.3.1 Generating Graphs from G(n,p)

We now turn to the algorithmic question of generating graphs from G(n, p).
This means that we want to design a probabilistic algorithm returning at each
call a graph from G such that, for any graph G € G, the probability that G
is returned by the algorithm is equal to the probability of G in G(n,p). We
assume that probabilistic algorithms can rely on random number generators.
Apart from the values returned by the random number generator, all other
steps in the algorithm are deterministic.

A naive algorithm to generate graphs from G(n,p) iterates over all dyads,
generates for each dyad a (uniformly and independently distributed) random
number r € [0, 1], and inserts the dyad in the edge set if r < p. The runtime
of this algorithm is in ©(n?) independent of p. In particular, if p is decreasing
with growing n and, thus, the generated graphs are sparse in expectation,
then the runtime is asymptotically larger than the expected graph size.
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To get an idea about how an efficient algorithm can be designed, we review
the abovementioned naive algorithm in an informal manner. Let p be a
probability close to zero, e.g., p = 1/1000. The naive algorithm iterates
over all dyads di,...,dy and asks for each dyad d; the random number
generator: is d; an edge? getting most of the times the answer no (which
can be interpreted that the effort was wasted). On average, the answer is yes
only once in a thousand questions. Clearly, this is very inefficient.

It would be much more clever to ask the random number generator what is
the index of the next dyad that becomes an edge? Then, only ©(m) questions
have to be asked if m is the number of edges of the generated graph. Im-
portant question: can this be done in a way that each graph has exactly the
probability as in G(n,p)?

A simple observation is that, at each step of the naive algorithm, the next
dyad that becomes an edge is preceeded by exactly k non-edges with prob-
ability ¢*p. Thus we have to generate the number k of failed trials with
probability ¢*p using only one call to the random number generator. To
achieve this, we associate each k = 0,1,... with a subinterval I, C [0, 1]
of length ¢*p such that these intervals are pairwise disjoint and their union
equals [0,1]. This is achieved by defining I to be the interval ranging from
Zf:ol pqt to Zf:o pq', if K > 0 and I, = [0,p] (also compare the following
drawing).

0 p p+qp 1

The union of the I indeed equals [0, 1], since

;q’“p = p'kz_;qk = p-l—iq = 1.

For a random number 7 <— random(|0, 1]), we need to determine the interval
containing . Note that the interval I} ends at

1— qk:-i-l

Zqip — p.zqi = p.—L = g

l—gq
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Thus, for a random number r - random([0, 1]) we need to compute the min-
imum k such that I ends after r. The following inequalities are equivalent.

r < 1—qk+1

qurl < 1l-—r
(k+1)logg < log(l—r)
k > M -1
log g

(For deriving the last inequality, note that log g < 0. Furthermore, note that
the probability P(r = 1) = 0 so that we can safely assume that r is not equal
to one and, hence, log(1 — r) is well-defined.)

log ¢
set. Since we draw r from the uniform distribution on [0, 1] we can as well

take log r instead of log(1 — r).

Thus we leave out k = {MJ dyads and insert the £+ 1 dyad in the edge

Algorithm 1: Generating a graph from G(n, p)
input : number of nodes n € IN5;, edge-probability 0 < p < 1
output: graph G = ({0,...,n — 1}, E)

E <«

)

v 1, w<+— —1
while v < n do

r < random(|0, 1])
w—w+ 1+ |c-logr|
while w > v and v < n do
Lw(—w—v; ve—uv+1

if v <nthen F + FU {{v,w}}

return G

The follwing image illustrates the use of the indices v and w. If w gets larger
than or equal to v, then w is successively reduced by v and v is incremented
by one in the second while loop.
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2.14 Theorem
Let n be a positive integer, p from the open, real interval (0,1), m €

{0,..., @} and G = ({0,...,n — 1}, E) an undirected, simple, loopless
graph with exactly m edges. Then with probability

n(n—1)

P(G)=p"q = ™

i.e., with the probability of G in G(n,p), Algorithm 1 returns G. In this
case Algorithm 1 runs in O(n 4+ m) time and uses exactly m + 1 calls to the
random number generator.

Proof.  Without loss of generality, assume that the (undirected) dyads are
represented by pairs of vertices (v,w) such that v < w. Using this repre-
sentation, the dyads are enumerated (starting from one) in lexicographical
ordering (first by v, then by w). This ordering of dyads induces also an or-
dering of the edges of the graph GG. For ¢ = 1,...,m let k; be the number
of consecutive non-edges just before the ith edge in G. (More precisely, k; is
the number of dyads between the (i — 1)th and ith edge, if i« > 1 and it is
the number of dyads before the first edge, if ¢ = 1.) Furthermore, let &, 1
be the number of non-edges after the last edge in G. Algorithm 1 generates
G if and only if the following conditions are satisfied.

1. For all ¢+ = 1,...,m, the random number generator returns in the
1th iteration of the outer while loop a random number r such that

logr _ 1.
Llog(Q)J = ki.
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2. For : = m+1 the random number generator returns in the ith iteration

of the outer while loop a random number r such that L(lﬁggé;)J > k;.

The condition for i = 1,...,m is satisfied with probability pg* (compare the
derivation of the algorithm). The condition for i = m + 1 is satisfied with
probability ¢®»+1. To see this note that the probability of drawing a random

number 7 such that H)Oggé;)J >k, is

e o] ki—1
quj = quj - quj =1-(1 —qki) = qki .
J=ki Jj=0 j=0

Since the random numbers are independent, it follows that the conditions
are simultaneously satisfied for ¢ = 1,...,m + 1 with probability

m
km ki . m mAlp.  m nn=1)
¢ [ ot = pre== b =prg
=1

Thus, the probability of generating GG is equal to the probability of G in
G(n,p).

Furthermore, if Algorithm 1 generates GG, then the outer while loop is exe-
cuted exactly m 4+ 1 times, implying that exactly m + 1 random numbers are
generated. During the whole runtime of the algorithm, the second while loop
is called n times (since each time v is increased by one). Together it follows
that the runtime is in O(n + m). O

2.3.2 Statistical Inference of the Edge Probability

In this section we treat the following task: suppose that we are given a graph
G of which we know that it is generated from some G(n,p) of which we do
not know the parameter p. Can we infer p from G?7 To exclude trivial cases,
assume that G is neither empty nor complete.

From a certain point of view it is impossible to infer p with certainty since
G has a positive probability in G(n,p) for any p that lies between zero and
one. Thus, we have to be more specific about what is meant by “inferring

77

p.” The specification of the “most likely” value for p that we adopt here
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is derived from the so-called mazimum likelihood principle (see, e.g., [9]).
We determine p such that the probability of the given graph G in G(n,p) is
maximized over all p € [0,1]. We give the following more general definition
applying to random graph models that are parameterized by a real parameter
vector 6.

Definition (maximum likelihood)

Let (G, Py) be a family of random graph models parameterized by a k-
dimensional vector of parameters § € © C R* and let Go,,s € G be a particular
graph, called observation. The function

L:0© —)R; 0 — P@(Gobs)

mapping a parameter vector ¢ to the probability of Gops in the model defined
by P, is called likelihood. A parameter vector § maximizing L, i.e.,

0 = arg max L)
is called a maximum likelihood estimate (MLE) of 6.

In the case of the G(n, p) model we have a one-dimensional parameter vector,
denoted by p € [0,1]. Given an observed graph Gopns (which is assumed to be
neither empty nor complete) it is indeed quite simple to find the maximum
likelihood estimate for p. Assume that G.ps has exactly m edges. Then the
associated likelihood is

L(p) = Py(Gops) = p™(1 — p)M—

n(n—1) '

where M is the number of dyads, i.e., M = ==

Taking the first derivative of L with respect to p yields
L(p)=m-p™ -1 =p)™m —p™ (M —=m)- (1-p)* """
Searching for p in the open interval (0, 1) such that L'(p) = 0 yields

m-p" Tt (L=pM = p" (M —m)- (1-p)M !
m-(1-p) = p-(M—m)
m—pm = pM —pm
m

o7
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so that L(p) can take its only extremal point within the open interval (0, 1)
at p := 77, i. e., at the ratio of the observed number of edges over the number
of dyads. Since L(0) = L(1) =0, L(p) > 0 for p € (0,1), [0,1] is a compact
set, and L is continuous, we conclude that L(p) assumes a maximum at p.

Maximum likelihood estimation becomes more insightfull (but also more dif-
ficult) for the exponential random graph models, later introduced in this

chapter. There, parameter estimates serve to test social science hypotheses
(such as homophily or transitivity) on given empirical network data.

2.3.3 Distribution of Degrees in G(n,p)

We noted already that the expected degree Eg, ,)[d(v)] of any vertex v is
equal to p(n — 1). Additionally, it is interesting to look at the distribution
of degrees, i.e., how likely is it that the degree of a particular vertex equals
a given number (which might be different from the expected degree).

2.16 Theorem
1. Let n > 1, p € [0,1], and k € {0,...,n — 1}. The probability that a
given vertex v has degree equal to k in a graph drawn from G(n,p) is

P(dg(v) = k) = <” N 1) gk

2. Let X be a positive real number, let for n > X\ + 1 a sequence of edge
probabilities p,, € [0, 1] be defined by

A
n—1

Pn =

and let k € Nj.

Further, let P,(d(v) = k) denote the probability that a given vertex v
has degree equal to k in a graph drawn from G(n,p,). Then it is

| N\
nh_)rrolo P,(d(v)=k)=¢e"- o

Proof.  For the first claim, note that there are exactly (";1) different neigh-
borhoods of v that have cardinality k. Each of them has probability pF¢"~'~*.
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For the second claim define ¢,, = 1—p,, and note that it is sufficient to consider
the probability P, (d(v) = k) only when n > k+1. Then, P, (d(v) = k) equals

n—1 k n—1-k (n — 1)‘ & N
( k ) Pt " Km—1-Fk) Pl = pn)
(n— 1)t pE -
TR —p g L)
(n—1)!

(n = 1= k)1 = po)F(n—1)F
(n=DFph (A (n=1p,\"
(1 )

k! n—1) A

The first factor converges for n — oo to one, the second to 2 and the third

KT
to e . 0

2.4 Preferential Attachment

The random graph model G(n,p) has not been designed to model empirical
networks (rather it turned out to be very helpful for proofing the existence
of certain combinatorial objects in graphs, see [1]). Nevertheless, researchers
started to point out that it is indeed a poor model for real-world networks.
For instance, Theorem 2.16 shows that if p,, decays linearly in n, then the de-
gree distribution in graphs from G(n, p,,) approximates a Poisson-distribution
when n tends to infinity. In particular, the probability that a graph from
G(n,p,) has any node with a degree much larger than the average degree
is vanishing. Figure 2.1 shows the histogram of 107 random draws from a
poison distribution P(k) =e - }\{—’f with A = 10. One can see that the prob-
ability mass is highly centered around the mean and larger values become
rapidly very unlikely. The maximal observed value is 30 which has been
drawn four times out of ten million. In contrast it has been observed that
many empirical networks contain some nodes whose degrees are much higher
than the average degree.

More specifically, it has been claimed that empirical degree distributions
often resemble a power-law, i.e.,
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Histogram of degree.frequency

Density
0.04 0.06 008 010 0.12
| | | ]

0.02
|

0.00
L

[ T T T T T 1
0 5 10 15 20 25 30

degree.frequency

Figure 2.1: Histogram of 107 random draws from a poison distribution
P(k) = e - 2 with A = 10,

for constants ¢,y > 0. In such distributions, it is likely that a few nodes have
degrees that are much higher than the average degree.

Therefore, efforts have been made to design random graph models that yield
a power-law degree distribution. One idea for such a model comes from
Barabasi und Albert [2]. Roughly, they defined a generative model where
vertices are successively added to the network, where the newly introduced
vertices create a fixed number of edges to already existing vertices, and where
the probability of forming an edge to a particular node v is proportional to
the degree of v. Thus, a high-degree vertex is more popular with respect
to incomming edges and the vertices entering the network have a preference
towards creating edges to popular nodes. Barabési and Albert provide exper-
imental evidence that such a process generates random graphs whose degree
distribution is approximately a power-law with exponent v ~ 3.
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However, the description of the random graph model in Barabasi and Albert
was claimed to be “rather imprecise [1]” and a more precise model, imple-
menting the ideas of the preferential attachment model, was proposed.

Definition (preferential attachment [4])

For n € N>, a random graph model for directed multi-graphs with loops
having exactly n vertices, denoted by GP? = (G, P,), is recursively defined
as follows. For a multi-graph G = ({1,...,n + 1}, E) let G’ denote the
subgraph of G induced by the vertices 1,...,n. Then P, is defined by

0 if d5(n+1) # 1 oder m(G) — m(G') # 1
Pi(G) = P(G")- % if(n+1,0)€E, v<n

P(G) 5it5 if(n+1lv)eE, v=n+1.

For n =1 the probability P;(G) of a graph G with exactly one vertex is set
to one if G is the (unique) directed multi-graph with exactly one edge and
P (G) is set to zero if the number of edges in G is not equal to one.

Let additionally b be a positive integer. Then the random graph model GP)
is defined as follows. To generate a graph G with n vertices and nb edges
from GP} first a graph G’ is drawn from gP’fb; then repeatedly b successive
vertices of G' are contracted to one vertex of G. More precisely, a vertex
i: (0<i<n-—1)of(G is the contraction of vertices ib, ...,ib+b—1 of G'.

Note that all graphs that get a positive probability in GP; have the same
number of edges. Hence, only a finite number of graphs get a positive prob-
ability. Since graphs with probability equal to zero can be left out without
loosing any interesting information, the GP;’ model can still be treated as a
finite probability space.

For the following algorithm to generate graphs from GP, we use a random
number generator that draws (uniformly and independently) integers from
{0,...,7}. The idea of the following algorithm is to record each edge by
its two endpoints in an array A. The endpoints of the ith edge (where the
counting is assumed to start at zero) are recorded in the 2ith and 2i + 1th
entry of A, respectively. Thus, at each stage of the algorithm the current
degree of a vertex is equal to its number of occurrences in A. This last-
mentioned property facilitates choosing the targets of edges with the correct
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probability, i.e., proportional to their degree.

Algorithm 2: Generation of a graph from GPy

input : number of nodes n € INy, out-degree b € N>,
data :array A[0...2nb— 1]
output: multi-graph G = ({0,...,n — 1}, E)

E+— 1
m <+ 0

foreach v =0,...,n—1do
foreach j=0,....b—1do
A2m] + v

w < Alrandom({0, ..., 2m})]
ARm+ 1]+~ w

E+ EU{(v,w)}
m<+—m+1

Algorithm 2 generates a directed multi-graph G = (V, E') with n vertices and
m = nb edges with probability as specified in GPy. It uses O(n + m) time
and space and draws exactly m random numbers.

The following theorem (which we note without proof) shows that the distri-

bution of in-degrees follows approximately a power-law with exponent equal
1

to three—at least up to degree equal to nis.

Theorem ([4])
For a,b € N let 9 be defined by

2b(b + 1)

@) = et b D@t b+2)

Forn,a,b € N>, with 0 < a < nis and ¢ € R-¢ it holds in the model GP}
that

P ((1—5)-5(@,19) < v € Vo : dglv) = a} < (1+5)-6(a,b)) — 1

n n—o0



2.19

Network Models 21

2.5 Exponential Random Graph Models

From a certain point of view, the preferential attachment model is a better
model for social networks than the G(n, p) model. For instance, it can gener-
ate graphs whose expected degree distributions resemble those of empirical
networks more closely. On the other hand, the preferential attachment model
cannot reproduce other structural properties that are commonly observed in
empirical data, such as transitivity or homophily. Rather than trying to
augment network models by adding more and more structural features, we
go the opposite way: we first define a class of random graph models that is
very general and then restrict this generality in such a way that the model
becomes tractable and can still reproduce important structural traits.

Exponential random graph models (ERGMs) are a class of random graph
models whose underlying probability functions have a specific form. Infor-
mally, a concrete random graph model belonging to the ERGM class can be
defined by specifying two components.

1. A set of network characteristics (called statistics) that determine the
probability of a graph. Network statistics describe properties of the
network such as density, occurrence of high-degree vertices, number of
triangles, etc. An ERGM with a fixed set of statistics is still a model
class that is parameterized by a real parameter vector.

2. Given a set of statistics, the parameters determine which of the net-
work properties measured by these statistics increase or decrease (or
have no influence on) the probability of a network. Parameters can be
chosen to obtain a random graph model that incorporates certain struc-
tural features or parameters can be inferred from an observed empirical
network.

In this section, let G denote the set of undirected, simple, loopless graphs
with exactly n vertices.

Definition
The class of exponential random graph models (ERGM) consists of random
graph models that assign a graph G € G a probability of the form

exp (T4 6 0.(G))

PG(G) = Ii(@)
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where

e the; € R (i =1,...,k) are real numbers, called parameters;

e the g;: G — R (i = 1,...,k) are real-valued functions defined on
graphs, called statistics;

e the normalizing constant x is defined by

k
K(0) =) _exp (Z 6 - gi<y>>

yeg

Note that x ensures that P is normalized, i.e., ) ..o Po(G) = 1.

2.20 Remark
We remind that the above formula defines a model class rather than a random
graph model. A concrete model is defined by specifying k, (g1,...,gx), and

@10 .

e The set of statistics (g1,-..,gx) (and, thus, also the value for k) is
tyvpically chosen by the researcher, e.g., motivated by social science
theory or motivated by the hypotheses that are to be tested.

e The parameters are either chosen in order to specify a random graph
model with the desired structural features, or they are inferred from an
observed empirical network.

e Inference of parameters means that for a fixed choice of statistics (g1, . . ., gx)
and a given empirical network (the observation) the parameters (61, . .., 0y)
are estimated by statistical methods such that the resulting model fits
in a best-possible manner to the observation. What is meant by “best-
possible” is usually specified by the maximum likelihood principle (see
Def. 2.15).

e The fact whether estimated parameters are (significantly) positive or
negative provides answers to empirical questions about structural trends
in the network, such as reciprocity, transitivity, homophily, preferential
attachment, etc.
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2.21 Example (network statistics)
Many commonly used statistics count the number of specific subgraphs (called
configurations) in the network. The following statistics are of this type. Let
G denote the set of undirected, simple, loopless graphs on the vertex set
V={l,...,n} and let G € G.

e The set of edges of G is denoted by E(G). The associated statistic
m(G) = |E(G)|, thus, counts the number of edges in the network. If
m(G) is associated with a positive parameter, then graphs with more
edges have higher probability. Conversely, if m(G) is associated with a
negative parameter, then graphs with less edges have higher probability.
The statistic m(G) is typically included in every reasonable ERGM
(for an argument supporting this rule, see the Hammersley-Clifford
Theorem 2.31).

e For k € {2,3,...,n — 1} the set of k-stars of G is denoted by Si(G)
and defined by

Sp(G) = {(u, {v1,...,v}) + 1 <u<n,
1< <o <o < <,
Vi=1,...,k : v; #u, and
Vi=1,....k : {u,v;} € E'}
Note that if 2 < k < ¢ < n — 1, then an (-star contains (i) k-stars.
The associated k-star statistic sy is denoted by si(G) = |Sk(G)|.

Informally, a positive parameter associated with a k-star statistic im-
plies a tendency to create edges to vertices that already have a high
degree. Conversely, if a k-star statistic is associated with a negative
parameter, then this implies a reluctance to create edges to high-degree
vertices.

e The set of triangles of G is denoted by T'(G) and defined by
T(G) = {{u,v,w} : I1<u<v<w<n,
{u,v} € E, {v,w} € E, {w,u} € E'} .

The associated triangle statistic t(G) is defined by t(G) = |T(G)|.

Informally, a positive parameter associated with the triangle statistic
implies a tendency to create edges between vertices that have common
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neighbors. For instance, if the edges encode friendship, then a friend
of a friend of a vertex v has a higher probability to become v’s friend.
Conversely, if the triangle statistic is associated with a negative pa-
rameter, then this implies a reluctance to create edges between vertices
with common neighbors.

The following lemma clarifies that the G(n,p) model is a member of the
ERGM class.

Lemma
If the edge probability p is neither zero nor one then G(n,p) is identical to
the ERGM defined by

with 6 = log <%).

Proof.  Let P, denote the probability function of the G(n,p) model. It is

P(G) = p™@ . (1 - p)E)-m@
m(G)
= (f%p) . (1 —p)(g)
= explf-m(G)]- (1 —p)©)

n

Note that both the values (1 — p)<2) and ﬁ are independent of G (rather

P(G) _ PG

they are properties of the graph model). Thus, RG) = PQ(G,)) for any two

graphs G, G'.
This implies that for arbitrary but fixed G’ it is

P1 G’
SR = e )

Geg Geg

Hence, P (G') = P(G'). O
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2.5.1 Generating Graphs from an ERGM

This section presents a probabilistic algorithm to generate graphs from a
completely specified ERGM (i.e., an ERGM with fixed statistics and pa-
rameters). The generation of random graphs from ERGMs is much more
complicated than the generation of graphs from the G(n,p) model (where
edges are independent and, thus, can be created in an arbitrary order) or
the generation of graphs from the preferential attachment model (which is
actually defined by its generating algorithm).

The generation of graphs from a given ERGM (G, P) is done via a Markov
chain simulation. Informally, the yet-to-be-defined Markov chain specifies
transition probabilities to move from one graph in G to another in a such
way that, when run infinitely long, the relative number of times that the
Markov chain is on a given graph G equals the probability of G in (G, P).

Thus, to generate a graph from an ERGM one has to simulate the Markov
chain for a large number of time-steps and then return its current state.

Definition (Markov chain)
Let G = {Gy,...,Gn} be aset of graphs. A (stationary) Markov chain on G
is a sequence of random variables (Y ®)),cy, each taking values in G, with the
property that for allt € N and all sequences of graphs (G, ... G*V G’ G) €
Gi*2 it is

PY®D) —qgy@® =¢gO  yO =g =pPyYW=qy® =0 .
In words, the conditional probability distribution of Y **1) given YV is inde-

pendent of t (the stationarity condition) and independent of the realizations
of the random variables Y ... YV (the Markov condition).

For two graphs G, G; € V), the transition probability of a Markov chain to
move from G; to G; is denoted by

7Tij == P(Y(l) == G]|Y(0) == GZ) .

Definition (stationary distribution)

Let m be the matrix of transition probabilities of a Markov chain on a set
of graphs G = {G;...,Gn}. A probability distribution P on G is called
stationary if for all j it is P(G;) = vazl P(G;)mij.
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Note that P is stationary if and only if (with P = [P(G;)... P(Gy)] € RY
written as a row vector) it is

P=Pr
i.e., P is an eigenvector of 7 with eigenvalue one.

Definition (irreducible, aperiodic)
A Markov chain on G with transition probabilities 7 is associated with a
directed graph (G, E') whose vertices are the states and where

(GZ’,G]') EE<:>7TZ'J' >0 .

The Markov chain is called

e irreducible if (G, E) is strongly connected;

e aperiodic if the greatest common divisor of all cycles in (G, E) equals
one.

The following theorem shows how the transition matrix can be defined such
that the probability distribution on a set of graphs converges to a given
distribution.

Theorem
Let m be the transition matrix of a Markov chain on G. If a probability
distribution P on G satisfies for all graphs G;,G; € G

P(Gi)my; = P(Gj)mj;

(Markov chain is then called reversible) and the Markov chain is irreducible
and aperiodic, then P is the unique stationary distribution of the Markov
chain and for any initial distribution P’ it is

lim P'r =P .
K—o0
Proof. Note that the matrix 7 satisfies the conditions of the Perron-

Frobenius theorem. We show that

e the spectral radius p of 7 is one;
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e P is an eigenvector of m with eigenvalue one.

Let G; € G, then

N N

Z P(Gj)mj; = Z P(Gi)mi; = P(G))

j=1 j=1

(where the latter equation holds since the rows of 7 sum up to one). Thus,
P and 7 satisfy the matrix equation Pr = P, i.e., P is an eigenvector of 7
with eigenvalue one.

Now, let x be an eigenvector of 7 with eigenvalue p (the spectral radius of
7). For all j it is pz; = S, aym;;. Thus

N N N N
PE Ty = E pxj=§ E LiTij
j=1 j=1 j=1 i=1
N N N N N
= D mmy = m) =
i=1 j=1 =1  j=1 i=1

Since all entries of = have the same sign it is in particular zf\il x; # 0. Thus,
it must be p = 1. 0

The transition probabilities are not uniquely determined by the condition
of reversibility which leaves some freedom in specifying the Markov chain.
One established specification of the transition probabilities 7 is called Gibbs
sampling (compare [8]). The transition probability to jump from graph G;
to G is defined to be

e m; = 01if G; and G; differ in more than one dyad;
o if G; and G differ in exactly one dyad, then

P(Gy)
(5)(P(G:) + P(Gy))

exXp (Z?:l Qege(Gj)>
(’5) €Xp <ZIZ:1 Qege(Gi)> +exp (Z?:l 9@9@(@))

7Tij =
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o =), W where the sum goes over all G that differ from

G in exactly one dyad.

Note that the computation of the transition probabilities does not require
the computation of the normalizing constant .

2.27 Theorem
The matrix of transition probabilities m defined by Gibbs sampling is normal-
ized and leads to a Markov chain that is irreducible, aperiodic, and reversible.

Proof.

1. 7 is normalized since for all i = 1, ..., N it is (let the summation index
G range over all graphs that differ from G; in exactly one dyad)

S P(Gy) P(G)

Z Y ; O (PG + P@) ZG: (3)(P(G,) + P(G))
P(G) + P(G))

2 (3)(P(G:) + P(G))

G

2. The so-defined Markov chain is irreducible since every graph G; can
be transformed into every other graph G by successively reverting all
dyads in which G; differs from G;. Since all of these dyad changes have
a positive probability, there is a path going from G; to G, in the graph
associated with the Markov chain.

3. The Markov chain is aperiodic since its associated graph contains all
loops and therefore the greatest common divisor of all cycles can only
be one.

4. The Markov chain is reversible since for all 4,5 =1,..., N it is

mi; _ P(G;)(P(Gi) + P(G;)) _ P(G))

mi - P(Gi)(P(Gi) + P(G))  P(Gi)
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2.5.2 Markov Random Graphs

The Markov random graphs 5] are a sub-class of the ERGM class. Markov
random graphs are defined by specifying that the random variables associated
with two dyads ¢j and uv are conditionally independent (given the realization
of all other dyads) unless they have a vertex in common. Before we give a
formal definition we first introduce the concept of a dependence graph.

Definition (dependence graph)

Let Z = (Zy,...,Zy) be a family of discrete random variables with a finite
range and let M = {1,...,m} be the index set. The dependence graph
D = (M, E) of Z has vertex set M and edge set E consisting of all unordered
pairs {i, j} of indices such that Z; and Z; are conditionally dependent, given
the rest of Z, i.e., given the values of all Z, for { # 1, .

Remark (dependence graph of a random graph)

The dependence graph D of a random graph (G, P) has as vertices all dyads
of G and two dyads {i,j} and {u,v} are connected by an edge in D if Y;
and Y,, are conditionally dependent, given all other dyads, i.e., all dyads Y,

with {r,s} # {i,j} and {r, s} # {u,v}.

Definition (Markov graph)

Let G = (G, P) be a random graph, where the underlying graph class G has a
common set of vertices V = {1,...,n}. G is called a Markov random graph
if for all four pairwise different vertices i, j,u,v € V, the unordered pair of
dyads {{i,7},{u,v}} is not an edge in the associated dependence graph, i. e.,
Y;; and Y, are conditionally independent, given the rest of the graph.

From the definition of Markov random graphs, it is not obvious that they
can be expressed as ERGMs. However, the next theorem states that this is
true.

Theorem (Hammersley-Clifford [3, 6]; special case)

Let (G, P) be a random graph satisfying P(G) > 0 for all G € G and let
D denote the set of dyads of the graphs in G. If D denotes the dependence
graph of (G, P), then, there are constants {ay € R : A C D}, associated
with subsets A of D, satisfying ay = 0 if A is not a clique in D, such that



2.32

Network Models 30

the probability P(G) of each G € G can be written as

1
p = — :
(G) — exp Z ag | where (2.1)
ACE(G)
K = Zexp Z a . (2'2)
G'eg ACE(G)

Conversely, if the probability P on G is defined by (2.1) and (2.2), then
two dyads d; and do are independent unless there is a subset A C D with
dy,dy € A and ay # 0.

Note that a set consisting of only one dyad is always a clique in the depen-
dence graph. For the proof of the Hammersley-Clifford Theorem we need the
following theorem.

Theorem (MGobius inversion theorem [7])
Let S be a finite set and

f:P(S) — R; g: P(S) = R;

two functions defined on the set of subsets of S.

Then, for all subsets A C S it is

BCA

if and only if for all subsets A C S it is

g(A) =Y (=1)"p(B) .

BCA

We turn to the proof of the Hammersley-Clifford Theorem.

Proof.  The following proof is adapted from [6].

For a set of dyads B C D define Gg € G to be the graph (on the same fixed
set of vertices) whose edge set is equal to B.
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We first note that two dyads d, d’ € D that are not adjacent in the dependence
graph D satisfy for any subset A C D with d € A and d’ € A the equation

P(Gavgay) P(Gavgapgay)
P(Ga) + P(Gavgy)  P(Gaviay) + P(Gavgayay)

(2.3)

(This is a direct formulation of d and d' being conditionally independent.)
From (2.3) it can be derived that for two conditionally independent dyads
d,d € D and all subsets B C D with d,d & B it is

P(Gpuaay)  P(Gpugay)

P(Groiay)  P(Gp) >4
Define Q: G — R by setting for G € G
QG) = Y (-1)/FONlog P(G) (2.5)
BCE(G)
Let G € G and A C E(G). Then, it follows from (2.5) that
Q(Ga) =Y _(-1)"\llog P(Gp) . (2.6)

BCA

For A C E(G), we claim that Q(G4) = 0 unless A is a clique in D. To show
this, assume that A is not a clique in D, i.e., A contains two dyads d,d € D
which are conditionally independent, given all other dyads. Then, by (2.6)
it is

QGa) = > ()"logP(Gp)+ Y (—1)"\Pllog P(Gp)

BEA BCA
d,d'eB deB,d' gB
+ Z (—1)|A\B| log P(Gg) + Z (_1)\14\3\ log P(Gp)
BCA Boa
d¢B,d'€B d,d'¢B
S g (D) /PO
BCA\{d,d'} P(Gpuiay) P(Gp)
= 0 ,

where the last equality follows from (2.4).
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From (2.6), which holds for all A C E(G) we can derive from the Mbius

inversion theorem that for all A C E(G) it is
log P(Ga) = > Q(Gs) .
BCA
In particular, if we set A = E(G) in (2.7) we get

P(G)=PGyexp| > QGk)

KCE(G)
K eCliques(D)

(2.7)

(2.8)

Here we used that by (2.6) it is Q(Gy) = log P(Gy). Note that a one-element
set of dyads is always a clique in D but we consider ) C D not as a clique in

D. And we are done with the first implication.

Now suppose that a random graph model is defined by (2.1) and (2.2) and
let d,d be two dyads such that there is no subset A C D with a4 # 0 and

d,d € A.
Let B C D be any subset of dyads with d,d’ ¢ B. We show that
P(Gpuaay) _ P(Gpuay)
P(Gpua) + P(Gpuaay)  P(Gg) + P(Gpuay)
i.e., d and d' are conditionally independent. Equivalently,
P(Gugaay) P(Geugay)

P(Gpugay) P(Gp)
We have that
P(Gpu d’}))
10 _— Tt J7 — a o o
g < P(GBu{d/}) Z K Z K

KCBU{d,d'} KCBU{d'}

- Y

KCBuU{d,d'}
K

de
= 2 ox

KCBU{d}
K

de
= D ok ) ox

KCBU{d} KCB

)
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(Note that we sum over all K that are cliques in D.) O

For general Markov graphs the cliques of D correspond to sets of dyads A such
that any pair of dyads within A have a vertex in common, i.e., are incident.
These sets are singleton edges, triangles, and k-stars for k =2,...,n — 1.

Let D = (‘2/) denote the set of dyads, let T' = T(V, D) denote the set of
triangles of the complete graph on V| and, for k = 2,... ,n — 1, let Sy =
Si(V, D) denote the set of k-stars of the complete graph on V.

Corollary (ERGM of general Markov graphs)
Let G = (G, P) be a Markov random graph on vertices V = {1,...,n}. Then
there are real constants

Nuw for all {u,v} € D
Twww Tor all {u,v,w} €T
Ouvy..v, for all 2 < k <n-— 1, (U, {111, - ,Uk}) c Sk

such that the probability of a graph G € G can be written as

P(G) = %exp Z Nuw + Z Tuvw + Z Z Ouvy...vp

weE(G) uwweT (G k=2 wv;..v,€Sk(G)

Note that the parameter families 7., Tupw, and oyy,. ., are defined for all
edges, triangles, and k-stars (respectively) of the complete graph; that these
parameters are constants determined by the random graph model; and that
the summation in the exponent of P(G) goes over all edges, triangles, and
k-stars (respectively) of G.

Markov graphs have way too many parameters to yield a parsimonious model.
The reason is that in a general Markov graph each edge, triangle, and k-star
can have a different probability. A restriction of Markov graphs is given in
the following definition.

Definition (homogeneous Markov graph)
A Markov random graph G = (G, P) is called homogeneous if for any pair of
isomorphic graphs G and H it is P(G) = P(H).
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It is easy to see that for homogeneous Markov graphs all edge parameters are
equal, all triangle parameters are equal, and, for each k all k-star parameters
are equal. Thus the probability of a graph G in a homogeneous Markov
model is determined by counting the number of these configurations.

Corollary (ERGM of homogeneous Markov graphs)

Let G = (G, P) be a homogeneous Markov random graph. Then there are
real constants n, 7, and oy for k = 2,...,n — 1 such that the probability of
a graph G € G can be written as

P(G) = %exp (n -m(G) +71-t(G) + iak : sk(G)>

ERGMs used in empirical research often contain only a few of the k-star
statistics for the lower values of k (e.g., for & = 2,3). The reason for this
is that the n parameters of a homogeneous Markov graph might still be too
many to be estimated with low standard error. Furthermore, the estimated
k-star parameters are hard to interpret jointly—especially if some of them
assume positive and some negative values.

2.5.3 Near-degeneracy and Multi-modality of ERGMs

Many Markov random graphs (i. e., for many choices of the parameters) give
rise to multi-modal probability distributions:

e probability mass centered on a few small sets of graphs

e intermediate graphs are very unlikely.

For instance, only near-empty or near-complete graphs have a non-vanishing
probability.
Consider the following ERGM

1
P(G) = —exp (nm(G) + 7t(G)) withn <0, 7> 0 .

Then, in very sparse networks

e there is no possibility to close triangles;
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e creation of edges is very unlikely.
In contrast, in very dense networks

e an edge can close many triangles (up to n — 2);
e deletion of edges is very unlikely.

Very unlikely to leave the set of near-complete graphs.

Degeneracy is undesirable for two reasons.

1. Convergence of the Markov chain towards the stationary distribution
is very slow.

2. Degenerate models seem to be unreasonable models for empirical net-
works.

Different proposals to overcome degeneracy have been made. Alternative
definition of MC transition probabilities.

e For instance, allow switching to the complement graph.
e Leads to better convergence of the Markov chain.

e However, random graph model stays the same => still unreasonable for
empirical networks.

e Additionally, Markov chain simulation becomes unrealistic for empirical
network evolution.

Condition on observed /reasonable number of edges.

e Allow only replacing one edge by another.

e Disjoint union of cliques becomes most likely form of network.
Assumed linear marginal effect of closed triangles:

e closing one triangle contributes 7 to the log-probability;
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e closing two triangles contributes 27; ...

Introduced k-triangle statistic:

e a 2k-triangle counts more than a k-triangle,
e but less than twice as much.

= no longer a Markov random graph.

36
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