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Something more on the SAOM

ERGMs and SAOMs

Outline Where we are

Introduction
Where are we going?

Model Main feature Real data

S(n,p) ties are independent ties dependency
Planted partition intra/inter group density ties dependency
Preferential attachment degree distribution other structural properties
ERGM class of models reasonable representation

These are models for cross-sectional data



Networks are dynamic by nature: a real example

Where we are going

The Teenage Friends and Lifestyle Study analyzes smoking behavior and

friendship

Data collection: (available from http://www.stats.ox.ac.uk/~snijders/siena/)
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- One school year group monitored over 3 years;

- questionnaires at approximately one year interval:

1. Friendship relation: each pupil could name up to 12 friends

2.

age,

Individual information and lifestyle elements: gender
substances use, smoking of parents and siblings etc.
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Network are dynamic by nature. How to model network evolution?

arrows = friendship relation

= boy

gender: circle = girl, square

We need a model for longitudinal data

smoking behavior: blue = non, gray = occasional, black = regular
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Networks are dynamic by nature: a real example
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Networks are dynamic by nature: a real example



Networks are dynamic by nature: a real example Some questions

Is there any tendency in friendship formation ...

- towards reciprocity?

- towards transitivity?
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Some questions Solution

Is there any homophily in friendship formation with respect to ...
Stochastic actor-oriented model (SAOM)

- gender?

‘— Aim
Explain network evolution as a result of

- smoking behavior?
- endogenous variables: structural effects depending on the network only
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® ° o ° (e.g. reciprocity, transitivity, etc.)

® [ ) *——e - exogenous variables: actor-dependent and dyadic-dependent covariates

(e.g. effect of a covariate on the existence of a tie or on homophily)

simultaneously



Background: random variables

Definitions

1) (1L,2) (1L,3) (1L4) (15) (1.6)
e 2,1) (22) (23) (2,4) (2,5 (26)
Let (2, P) be a probability space Q G0 G2 63 64 65 6o
(4,1) (4,2) (43) (44) (4,5 (4,6)
(51) (52) (53) (54) (55)
(61) (6,2) (63) (64)

Q = is a set of possible outcomes

P :Q —[0,1] is a probability function

such that:
1. P(w)>0 L
2. ) Pw)=1 2.

weN

A (real-valued) random variable (r.v.) is a function X : (2, P) — (R, P).

Background: random variables (motivation)

Example
R 2 3 4 5 6 7 8 9 10 11 12
[ ] | ] —
o
@) 12 13 @4 15 16
21 @2 23) 24 25 26
Q @Y @32 33 G4 @35 @GO
B 82) #3) 44 @5 46
(51 (52 (53 54 55 (56

(6,1) (6.2) (63) (64) (65) (6,6)

@? Random experiment

Given P(w) we can compute P(x):

P(X =4) = P((1,3)) + P((2,2)) + P((3,1)) = 1/36 +1/36 +1/36 = 1/12

Random experiment

76}

Background: random variables (motivation)

Example
X: sum of the two dice
(1,1) (1,2) (1,3) (1,4) (1L5) (16)
(21) 22) (23) (24) (25 (26)
Q @Y 32 33 B4 35 66
(41) 42) (43) (44) (45) (456)
(51) (52) (53) (54) (55) (58)
(6,1) (62) (63) (64) (6,5 (6,6)

Random experiment

Background: random variables (motivation)

Example

(11) (12) (L3) (1L4) (LS) (16)
(21) (22) (23) (24) (25) (26)
Q B B2 63 B4 65 36
[
(

(1) (a2) (43) (44) (45) (456)
51) (52) (53) (54) (55) (5.6)
(61) (62) (63) (64) (6.5) (66)

@% Random experiment
N.b.:

- capital letters denote r.vs (e.g. X=sum of two dice)

- small letters denote the values assumed by a r.v. (e.g. x=2)

- The set of values that X can take is called range and will be denoted by 8
(eg 8=1{2.3,...,12} )



Background: discrete random variable

Definition
A r.v. X is defined to be discrete if § is countable.

The probability mass function (p.m.f) ¢x(x) : R — [0,1] describes the values
that X can take along with the probability associated with each value

X

ex(x)
1/36
2/36
3/36
4/36
5/36
6/36
5/36
4/36
3/36
2/36
1/36 T T T T T T T T T T

136 2/36 3/36 4/36 536 6/36
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Background: continuous random variable

Definition
A random variable X is called (absolutely) continuous if 8 is uncountable and
there exists a function fx(x): R — R" such that

FX(X):P(XSX):/X fe(u)du Vx€R

— 00

+oo
P(XGR):/ fx(x)dx =1

— 00

fx(x) is the probability density function (p.d.f)

Examples

- X = weight of people in a population
- X = waiting time at a post office clerk

Background: discrete random variable

Definition
A r.v. X is defined to be discrete if 8 is countable.

The probability mass function (p.m.f) px(x):R — [0,1] describes the values
that a X can take along with the probability associated with each value

px(x) = P(X = x)

The cumulative distribution function (c.d.f.) Fx(x):R — [0,1] describes the
probability that X takes value lower than x

Fx(x)=P(X<x)= > P(X=x)
x'<x
Examples

X=Sum of two dice

P(X <3)=P(X=2)+P(X=3)=1/36+2/36=1/12

Background: continuous random variable

The p.d.f. fx(x) allows to compute all the probability statements about X. For
instance, the probability that X takes values in [a, b] is

b
Pla< X< b):/ fx(x)dx

Geometrical interpretation
fx(x)
P(X < [a, b]) = Jfbfx(x)dx

Intuition suggests that

P(X=x)= /X fx(u)du=0

Thus, we cannot determine
a continuous random vari-
able via its “mass function”




Background: stochastic (or random) process

Definition
A stochastic process {X(t),t € T} is a mapping

Vte T— X(t): Q=R

x(t)
x(t)
. i t
& |
b (%) \
5 |
t random experiment 2 x(t;) random experiment 2 x(t))

Background: stochastic process

Example
X(t) = the outcome of flipping a coin

8 ={—1,1}, where —1 =tail 1 =head

72{1727}
X(t)
1 - . . . . .
0 T T T T T T T T T T
1 2 3 4 5 6 7 3 9 t
A . . . . .

{X(t),t € T} is a discrete-time stochastic process with a finite state space

Background: stochastic process

T = index set (usually interpreted as time)
8§ = state space

Different stochastic processes can be defined according to 8 and T

8 T

Countable (discrete) Uncountable (continuous)

Countable discrete-time with continuous-time with
(finite) finite state space finite state space

Uncountable discrete-time with continuous-time with
(continuous) continuous state space continuous state space

Background: stochastic process

Example
X(t) = the number of telephone call at a switchboard of a company
from 8 a.m. to 8 p.m.

82{071727}
T =1[0,12]

X(®

{X(t),t € T} is a continuous-time stochastic process with a finite state space



Background: continuous-time Markov Chain Background: continuous-time Markov Chain

Definition Example

{X(t), t € T} has the Markov property if: X(t) = # of goals that a given soccer player scores by time t (time played

in official matches)
VxeSanth,-<tj
{X(t), t >0} is a continuous-time Markov chains
P(X(t)) =x(t;) | X(t) =x(t) V t<t;)=P(X(t;) = x(t;) | X(t;) = x(t;))

Why?
Definition 1. state space: 8 ={0,1,2,...,B} .
A continuous-time Markov chain {X¢, t > 0} is a stochastic process having B = total number of goals scored during the career
1. finite state 2. the time is continuous: [0,T]

2. continuous-time T = time of retirement

3. the Markovian property 3. the process {X(t), t > 0} has the Markov property

Background: Markov property Background: describing a continuous-time Markov chain

X(t)
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Background: describing a continuous-time Markov chain

Holding time
T = amount of time the chain spends in state i (Exponential r.v.)

fr(t)=Xe M,  A>0, t>0

fr(t): RT —R" such that

t
P(Tgt’):/ f-r(t)dtzl—e_’\"t Vt>0
0

fi(t)

P(T<t)= JrrfT(l)dl

Background: describing a continuous-time Markov chain

X(t)
4 —
3 P —
[Jump
5 P A—
14— —

Holding time

Background: describing a continuous-time Markov chain

Holding time
T = amount of time the chain spends in state i (Exponential r.v.)

fr(t)=Xe M, X\>0, t>0

;i is the rate parameter

(0

The Exponential r.v. has the memoryless property

P(T>s+t| T>t)=P(T>s) Vs,t>0

Background: describing a continuous-time Markov chain

Jump chain

P = (pjj:i,j€8) = jump matrix

pij = P(X(t") = j|X(t) = i, the opportunity to leave i)

pij >0 Zp,-jzl Vij€eS
JjES



Background: describing a continuous-time Markov chain Outline

X(t)

4- -—

3 — The Stochastic actor-oriented model
Data and model definition
Model specification

o Parameter interpretation

— - Simulating nerorI_& evolution
Parameter estimation: MoM and MLE

T T T T

Example
0.1 0 06 03
p_| 08 01 01 o0
~ | 005 05 0.05 04
06 01 0.15 0.15
Recall: adjacency matrix and directed relations Data

Social network: a set of actors N + a relation R

® . : @
Graph = G(N,R) Adjacency matrix=X ° o ° ¢
o>

O

o
o

-

=
o|o| o
o|o|lo|o
-
S

OO |1
k=l
o|
ol
1

(]
e

Longitudinal (or panel) network data = M (> 2) repeated observations on a
network

Directed relation: x(to), x(t1), ..., x(tm), ..., x(tpm=1), x(tm)

. . . . - set of actors N ={1,2,...,n}

- a non reflexive and directed relation R

- actor covariates V (gender, age,social status, ...)



Model definition: assumptions

Network evolution is the outcome of a stochastic process specified by the
following assumptions:

1. Ties are state:
a tie is a state with a tendency to endure over time

2. Distribution of the process:

{X(t),t € T} is a continuous time Markov Chain defined on:

- the state space X
- the set of actors N

Model definition: assumptions

Continuous-time process

—& @
4

5 9

N N /]\
4/ 4 “/

Latent process: the network evolves in continuous-time but
we observed it only at discrete time points

.

Model definition: assumptions
Finite state space: X is the set of all possible adjacency matrices defined on NN

x =271 = X is a countable set
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Model definition: assumptions

Markov property: the current state of the network determines probabilistically
its further evolution



Model definition: assumptions

3. Opportunity to change: at any given moment t one actor has the

opportunity to change
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Model definition: assumptions

4. Absence of co-occurrence: no more than one tie can change at any given

moment t

(Notation: x(i~» j) means that actor i changes his outgoing tie towards j)
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X = current state
of the network
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Model definition: assumptions

3. Opportunity to change: at any given moment t one actor has the
opportunity to change
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Model definition: assumptions

5. Actor-oriented perspective: actors control their outgoing ties

- change in ties are made by the actor who sends the ties

- decisions are made according to the position of the actor in the
network, his attributes and the characteristics of the others

Aim: maximize a utility function

- actors have complete knowledge about the network and all the other
actors

- the maximization is based on immediate returns (myopic actors)



Model definition: assumptions (recap) Model definition

Consequences of the assumptions

The evolution process can be decomposed into micro-steps

1. Ties are states

2. The evolution process is a continuous-time Markov chain Micro-step Continuous-time Markov chain
- the time at which i had - the waiting time until the next opportunity
3. At any given moment t one probabilistically selected actor has the the opportunity to change for a change made by an actor i

opportunity to change (holding time)

- the probability of changing the link x;;
given that i is allowed to change

(jump chain)

4. No more than one tie can change at any given moment t - the precise change i made

5. Actor-oriented perspective

Distribution of the holding time: rate function

Transition matrix of the jump chain: objective function

Model definition: rate function Model definition: rate function

How fast is the opportunity for changing?

. . . More complex specification
How fast is the opportunity for changing?
. . . i Actors may change their ties at different frequencies A\;(a, x, v)
Waiting time between opportunities of change for actor i ~ Exp(}\;)
A;j is called the rate function Example

"“Young girls might change their ties more frequently”

Simple specification: all actors have the same rate of change A Ai(a, X, V) = tage * Vage + Qgender * Vgender

P(i has the opportunity of change) = % Vie N
It follows

>\i(OQX7 V)
n
> Aj(a,x,v)
j=

P(i has the opportunity of change) =



Model definition: rate function

How fast is the opportunity for changing?

In the following we assume that:

- all actors have the same rate of change

- the frequencies at which actors have the opportunity to make a change

— ) is constant over the actors

depends on time

— )\ is not constant over time

As a consequence, we must specify M —1 rate functions

)‘17 Tt )‘Mfl

Model definition: objective function
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Next state (x‘)

Model definition: objective function

Which tie is changed?

Changing a tie means turning it into its opposite:

xjj = 0 is changed into xj;; =1 tie creation

xjj = 1 is changed into x;; =0 tie deletion

Given that i has the opportunity to change:

Possible choices of i  Possible reachable states

n—1 changes n—1 networks x(i ~ j)

1 non-change 1 network equal to x

Model definition: objective function

Next state (x‘)

1234
1[-J1]1]o
2[1]-Tolo
3[1]o]-]o x(12)
2]o0]o]1]-

1234
Current state (x) 1[-JoJo]o
2(1]-]0]0
3[1]o]-]o x(1~3)
w alo]ol1]-
/ 123 4
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- - 2|1]-|0]0 x(1 ~~ 4)
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e <p seTot
/ 123 4
) 1[-Jo[1]o
& 2[1]-Jofo] do nothing
3[1]o[-]o
alofo]1]-
12314
1[-Jo]1]0
211|-]0]0
3[1lo] o
4/0/01) -

Transition matrix

p)oc‘>0

pxx‘> 0

pxx'> 0

pxx‘>0



Background: random utility model

Setting:
decision makers who face a choice between N-alternatives

Notation:
i denotes the decision maker

J=A{1, ... ,j, ... ,N} choice set
J is exhaustive and choices are mutually exclusive

Assumption:
the decision makers obtain a certain level of profit from each alternative.
The profit is modeled by the utility function Uj; : J — R

Decision rule: i chooses the alternative j that assures him the highest profit, i.e.

Jj: max;e Ujj

Background: random utility model

Decision probabilities:
it is assumed that €;; is Gumbel distributed

e

fg,.j(e):e_ee_( eeR

f.(e)

so that the probability that i chooses the alternative j is given by

efi

N

Z eFih
h=1

p,'j:P(U,'j>U;h,Vh€J):

Background: random utility model

The researcher does not observe the decision maker's utility, but only:
- nx A matrix x of attributes of each alternative j (as faced by i)

- B x 1 vector v; of attributes of i

Since, there are factors that the researcher cannot observe, the utility function
is decomposed as

Ui = Fij(B, v, xij, vi) + €jj
where:

- Fjj is the deterministic part of the utility (observed!)

Fi (B, xij, vi) = Zﬁaxija""Z'YbViba Bas b € R, x;
a

b=1

- &jj: random term (not observed!)
The random term are independent and identically distributed.

Consequence: The researcher can only “guess” i's choice

Model definition: objective function

Actors change their ties in order to maximize a utility function
ui(B,x(i~j)) = (B, x(i ~ j), vi, vi) + €

- fi(B,x(i~ j),vi,vj) is the objective function

- &jj is assumed to be distributed as a Gumbel r.v.

Consequence: the probability that i changes his outgoing tie towards j is:

B exp(ﬁ(ﬂ,X(i’\"f)vvi"’j)»
Pij =4

> exp (£i(B,x(i ~ h),vi,v}))
h=1

Probabilities interpretation:
pjj is the probability that i changes the tie towards j
pii is the probability of not changing



Model definition: objective function Model definition: objective function

Example
12314 1234 12 3 4 1234 12314 12314
1 ojojo 1 ojojo 1(-jof1(0 1 110 1 oj1]1 1(-J1f{1]1
2(0|-|of0 2|1 ajo 2(1(-|oj0 2|1 o|o 2|{1|-|0]0 2(1)-[1]1
3(o0jo-]0 3|1|0/-]0 3(1/0/-]0 3|1lo/-]0 3{1]0]-]0 3(1]31/-]1
4|0jojo]- 4|0]0]1]- 4|0]0]1]- 4lojojai]- 4|0j0]1]- 4al1j1]1]- . . . . . . . .
1238 - The objective function is defined as a linear combination
RN
3(ojof-|o K
o [oTolol-
fi(ﬁvx(’,\’).l)vvhvj): E 5k5ik(X(”\”j)7Vi7Vj)
k=1
12314
i(-Jojojo
s - Sig(x(i~j),vj,v;) is called effect
4l0joj1]-
1334 - Bk € R is a statistical parameter
i(-Joj1]0
it o . Pi3 P11 P12 Pia - 0
4l0joj1]-
1234 Nb
1(-J1/1]0 . . -
s Tele In the following, we will write:
Lol - x’ instead of x(i~+ j)
ARnnn - si(x’, v) instead of su(x(i ~ j), vi, ;)
HhOBE to simplify the notation
4|0 1]-
12314
1(-J1/1]1
2(1]-/1]1
3(1]1(-1
Nnnnaj B B
Objective function specification Objective function specification

Endogenous effects = dependent on the network structures
Endogenous effects = dependent on the network structures

- Outd ffect
utdegree effec - Transitive effect

N A
, , si,trans(x ) = E XijXinXjh
si,out(X ): § Xij i J:h
J
- three cycle-effect

- Reciprocity effect 5i,cyc(X/) = sz'lj#hxi/ﬁ
j,h

/ / / .7 : =
Sirec(X") = E XijXji - ; —>4
j



Objective function specification

Exogenous effects = related to actor’s attributes

Example

- Friendship among pupils:
Smoking: non, occasional, regular

Gender: boys, girls

- Trade/Trust (Alliances) among countries:
Geographical area: Europe, Asia, North-America,...

Worlds: First, Second, Third, Fourth

Objective function specification

Exogenous effects (dyadic covariate)

- covariate-related similarity

, Z Jvi—v| :
1
Si_csim (X 5 V Xij V

where Ry is the range of V and (1 — ‘V%ijl) is called similarity score

Remark:

when V is a binary covariate, the covariate-related similarity can be written in

the following way:
5i,csim(X/7 V) = ZX,{jH{Vi = VJ}
j

Objective function specification

Exogenous effects (individual covariate)

- covariate-ego

Si_cegol x' V) E XUV, i

- covariate-alter

Si_calt( x' ,v) g vaJ i

FZANZAN

Objective function specification
v

Which effects must be included in the objective function?

\‘, Outdegree and Reciprocity must always be included.
The choice of the other effects must be determined according to
hypotheses derived from theory

Example
Friendship network

Theory Effect

the friend of my friend = transitive effect
is also my friend

girls trust girls = covariate-related
boys trust boys similarity




Parameter interpretation Parameter interpretation

The procedures for estimating the parameters of the SAOM are implemented

1. Parameter interpretation: 3, quantifies the role of s (x’) in the network in a R library called RSiena
evolution.

(SIENA = Simulation Investigation for Empirical Network Analysis)
- Bk = 0: si(x’) plays no role in the network dynamics

- Bk > 0: higher probability of moving into networks where sy (x’) is higher The R script “estimation.R"” contains the R commands to implement the

- By <0: higher probability of moving into networks where sy (x') is lower estimation procedure in R and the folder “tfls.zip" includes the data files.
- ]

Example data: an excerpt from the “Teenage Friends and Lifestyle Study” data

2. The preferences driving the choice of the actors have the same intensities set:
over time - Networks: relation = friendship
actors = 129 pupils present at all three measurement points
= i1, -, Bk are constant over time - Covariates: gender (1 = Male, 2 = Female)
smoking behavior (1 = no, 2= occasional, 3 = regular)
Parameter interpretation: a very simple model Parameter interpretation: a very simple model
Estimates s.e. t-score Estimates s.e. t-score
Rate parameters: Rate parameters:
Rate parameter period 1 8.5948 (0.7091) Rate parameter period 1 8.5948 (0.7091 )
Rate parameter period 2 7.2115 (0.5751) Rate parameter period 2 7.2115 (0.5751)
Other parameters: Other parameters:
outdegree (density) -2.4147 (0.0387) -62.3875 outdegree (density) -2.4147 (0.0387) -62.3875
reciprocity 2.7106 (0.0811) 33.4061 reciprocity 2.7106 (0.0811) 33.4061

Rate parameter: expected frequency, between two consecutive network
observations, with which actors get the opportunity to change a network tie

- about 9 opportunities for change in the first period

- about 7 opportunities for change in the second period

The estimated rate parameters will be higher than the observed number of
changes per actor (why?)



Parameter interpretation: a very simple model

Interpreting the objective function parameters:

The parameter 3 quantifies the role of the effect s in the network evolution.

Bk = 0 sj, plays no role in the network dynamics
Bk > 0 higher probability of moving into networks where s; is higher

Bk < 0 higher probability of moving into networks where s is lower

2
“ Which By are “significantly” different from 07

E.g. Brec =0.13 is “significantly” different from 07

Parameter interpretation: a very simple model
Hypothesis test:

2. Define a decision rule

S_e_ﬁ(kﬁk) >2 reject Hyp
S_e_ﬁ(kﬁk) <2 fail to reject Hy
Prob (rej. Hg| Hp) Prob (rej. Hy| Ho)
T
| J J

2-s.e.(Bk) 2-s.e.(Bk)

Ho:Bk=0

Parameter interpretation: a very simple model

Hypothesis test:

1. State the hypotheses.

- The null hypothesis (Hp):
the observed increase or decrease in the number of network
configurations related to a certain effect results purely from chance

Hol,BkZO

- The alternative hypothesis (H1):
the observed increase or decrease in the number of network
configurations related to a certain effect is influenced by some
non-random cause.

Hi: Bk #0

Parameter interpretation: a very simple model

Estimates s.e. t-score
Rate parameters:
Rate parameter period 1 8.5948 (0.7091)
Rate parameter period 2 7.2115 (0.5751)
Other parameters:
outdegree (density) -2.4147 (10.0387) -62.3875
reciprocity 2.7106 (0.0811) 33.4061

Objective function parameters:

- outdegree parameter: the observed networks have low density



Parameter interpretation: a very simple model

Estimates s.e. t-score
Rate parameters:
Rate parameter period 1 8.5948 (0.7091)
Rate parameter period 2 7.2115 (0.5751)
Other parameters:
outdegree (density) -2.4147 (10.0387 ) -62.3875
reciprocity 2.7106 (0.0811) 33.4061

Objective function parameters:

- outdegree parameter: the observed networks have low density

- reciprocity parameter: strong tendency towards reciprocated ties

Parameter interpretation: a more complex model

Specifying the objective function

In friendship context, sociological theory suggests that:

- friendship relations tend to be reciprocated — reciprocity effect

-

- the statement “the friend of my friend is also my friend” is almost always

A

true — transitive triplets effect

/N

B

Parameter interpretation: a very simple model

In more detail

n n n n
Bout X+ Brec X = —2.4147 > " xj+2.7106 Y _ xijx;
j=1 j=1 j=1 =1

Adding a reciprocated tie (i.e., for which xj; = 1) gives
—2.4147+2.7106 = 0.2959
while adding a non-reciprocated tie (i.e., for which xj; = 0) gives

—2.4147

Conclusion: reciprocated ties are valued positively and non-reciprocated ties are
valued negatively by actors

Parameter interpretation: a more complex model

Specifying the objective function

In friendship context, sociological theory suggests that:

- pupils prefer to establish friendship relations with others that are similar to
themselves — covariate similarity

e o *—0
O O O—0O

This effect must be controlled for the sender and receiver effects of the
covariate.

- Covariate ego effect

o o—
O—> O
- Covariate alter effect
o —@

—0 O



Parameter interpretation: a more complex model

Parameter interpretation: a more complex model

Estimates s.e. t-score

Rate parameters:
Rate parameter period 1 10.6809 (11.0425)
Rate parameter period 2 9.0116 (10.8386 )

Other parameters:

outdegree (density) -2.8597 (10.0608 ) -47.0288
reciprocity 1.9855 (10.0876 ) 22.6765
transitive triplets 0.4480 (10.0257) 17.4558
sex alter -0.1513 (10.0980) -1.5445
sex ego 0.1571 (0.1072) 1.4659
sex similarity 0.9191 (0.1076 ) 8.5440
smoke alter 0.1055 (10.0577 ) 1.8272
smoke ego 0.0714 (10.0623) 1.1469
smoke similarity 0.3724 (0.1177) 3.1647

Estimates s.e. t-score
Rate parameters:
Rate parameter period 1 10.6809 (11.0425)
Rate parameter period 2 9.0116 (10.8386 )
Other parameters:
outdegree (density) -2.8597 (10.0608 ) -47.0288
reciprocity 1.9855 (0.0876 ) 22.6765
transitive triplets 0.4480 (10.0257) 17.4558
sex alter -0.1513 (10.0980 ) -1.5445
sex ego 0.1571 (0.1072) 1.4659
sex similarity 0.9191 (0.1076 ) 8.5440
smoke alter 0.1055 (10.0577 ) 1.8272
smoke ego 0.0714 (0.0623) 1.1469
smoke similarity 0.3724 (0.1177) 3.1647

- outdegree parameter: the observed networks have low density

- reciprocity parameter: strong tendency towards reciprocated ties

- transitivity parameter: preference for being friends with friends'friends

Parameter interpretation: a more complex model

- Gender: coded with 1 for boys and with 2 for girls.

- All actor covariates are centered: v = 1.434 is the mean of the covariate

—0.434 for boys
vVi—V=

0.566 for girls

- The contribution of x;j; to the objective function is

Bego (Vi — V) + Bater (vj — V) + Bsame (H{Vi =vjt— 5imV> =

=0.1571(v; — V) — 0.1513(v; — v) +0.9191 (I{v; = v;} — 0.5048)

where simy is the average of the similarity score.

- sex alter: gender does not affect actor popularity

- sex ego: gender does not affect actor activity

Parameter interpretation: a more complex model

Male Female
Male 0.4526  -0.618
Female -0.309 0.4584

- sex similarity: tendency to choose friends with the same gender

Table : Gender-related contributions to the objective function

Conclusions: Preference for intra-gender relationships.



Parameter interpretation: a more complex model

Estimates s.e. t-score
Rate parameters:
Rate parameter period 1 10.6809 (1.0425)
Rate parameter period 2 9.0116 (10.8386)
Other parameters:
outdegree (density) -2.8597 (10.0608 ) -47.0288
reciprocity 1.9855 (10.0876 ) 22.6765
transitive triplets 0.4480 (10.0257) 17.4558
sex alter -0.1513 (10.0980) -1.5445
sex ego 0.1571 (0.1072) 1.4659
sex similarity 0.9191 (0.1076 ) 8.5440
smoke alter 0.1055 (0.0577 ) 1.8272
smoke ego 0.0714 (0.0623) 1.1469
smoke similarity 0.3724 (0.1177) 3.1647

- smoke alter: smoking behavior does not affect actor popularity

- smoke ego: smoking behavior not affect actor activity

- smoke similarity: tendency to choose friends with the same smoking

behavior

Parameter interpretation: a more complex model

no occasional  regular
no 0.0414 -0.0734 -0.1882
occasional  -0.0393 0.2183  0.1035
regular -0.1200 0.1376  0.3952

Table : Smoking-related contributions to the objective function

Conclusions:

- preference for similar alters

- this tendency is strongest for high values on smoking behavior

Parameter interpretation: a more complex model

- Smoking behavior: coded with 1 for “no"”, 2 for “occasional”, and 3 for
“regular” smokers.

- The smoking covariate is centered: v =1.310 is the mean of the covariate

—0.310 for no smokers
vVi—Vv= 0.690 for occasional smokers
1.690 for regular smokers

- The contribution of x;j; to the objective function is
ﬁegO(Vi _V) +ﬁalter(vj _V) +ﬂsame (1 - % - Simv) =

= 0.0714(v; — V) +0.1055(v; — V) + 0.3724 (1 L o.7415)

Simulating network evolution

Aim: given x(tp) and fixed parameter values, provide XSI’"(tl)
according to the process behind the SAOM

I

reproduce a possible series of micro-steps between tg and t;

Input

n = number of actors

A = rate parameter (given)

B=(B1,...,Bk) = objective function parameters (given)
x(to) = network at time to (given)

Output

xSM(t;) = network at time t;



Simulating network evolution Simulating network evolution

Algorithm 1: Network evolution
Input: x(tp), A, 8, n

Output: x> (t;)

Algorithm 1: Network evolution
Input: x(tp), A, 8, n

Output: x> (t;)

t+0 - t+0
x < x(tg) / 2o x < x(tg) Generate the time elapsed
. ", 1234 . . ] -
while condition = TRUE do 1[-ToT1]0 while condition = TRUE do betwee'n to and the first op
- - Shtotele portunity to change
dt ~ Exp(n)) @ — nTeTre dt ~ Exp(n}\)
i ~ Uniform(1,...,n) - / slololia) i~ Uniform(1,...,n) The more intuitive way to generate
Jj ~ Multinomial(pj1,.- .., Pin) - x(to) Jj ~ Multinomial(pj1,.- .., Pin) dtis:
if i #j then if i #j then - generate the waiting time for
LX(—X(I"\»_]') LX(—X(I"\»_]') each actor i
else n=4 else wi ~ Exp(2)
L XX L X< X - dt= min {w;}
tt+dt A=15 t t+dt 1<i<n
;im ;im but this requires the generation of
X (tl) <; X B= (ﬁout,ﬁreaﬁtrans) X (tl) F X n numbers.
return x*"(t1) =(-1,0.5,-0.25) return x*(t;)
t = time t = time
dt = holding time between consecutive opportu- dt = holding time between consecutive opportu-
nities to change nities to change
~ = generated from ~ = generated from
Simulating network evolution Simulating network evolution
Algorithm 1: Network evolution Algorithm 1: Network evolution
Input: x(tg), A, B, n Input: x(tg), A, B, n
Output: x> (t1) Output: x> (t1)
£ 0 Generate the time elapsed be- £ 0 )
tween tp and the first opportu- Select the actor i who has the
x « x(to) nity to change x « x(to) opportunity to change

while condition = TRUE do while condition = TRUE do

dt ~ Exp(n}\) To avoid the generation of n numbers, dt ~ Exp(n)) . o
. . i : . . 8 1=
i ~ Uniform(1,...,n) we use the following result: i ~ Uniform(1,...,n) &
X . ;] If i i ;!
J ~ Multinomial(pj1,. . ., pin) J ~ Multinomial(pi1,- .., pin) -
if i #j then Wi~ Exp(A;), 1<i<n if i #j then /Q
. . . . 1234
L X<—X(1MJ) and Wi, ..., W, are mutually indepen- L X<—X(IMJ) - 1|-l0]1]|0
else dent, then else ; \‘!'/‘ 2(1|-]0j0
L X4 X n L X4 X - @ HrraEsm
t< t+dt DT =min{Wi,...,Wo} ~ Exp(d>_ \;) t< t+dt - / ‘)
. i=1 . 0
x¥M(t) + x x¥M(t) + x @
return x> (1) e.g. dt = 0.0027 return x> (1)
t = time t = time
dt = holding time between consecutive opportu- dt = holding time between consecutive opportu-
nities to change nities to change

~ = generated from ~ = generated from



Simulating network evolution

Algorithm 1: Network evolution

Input: x(tp), A, 8, n
Output: x*™(t1)
t+0
x < x(tg)
while condition = TRUE do
dt ~ Exp(n))
i~ Uniform(1,...,n)
J ~ Multinomial(pi1,. .., pin)
if i #j then
| x < x(i~J)
else
L X< X
t< t+dt

xSM(t1)  x
return x*™(t;)

t = time

dt = holding time between consecutive opportu-

nities to change
~ = generated from

Simulating network evolution

Algorithm 1: Network evolution

Input: x(tp), A, 8, n
Output: x*™(t;)
t+0
x « x(tg)
while condition = TRUE do
dt ~ Exp(n)\)
i ~ Uniform(1,...,n)
J ~ Multinomial(pj1,. . ., pin)
if i # j then
| xx(i~j)
else
L X4 X
t< t4dt

xSM(t1)  x
return x*™(t;)

t = time

dt = holding time between consecutive opportu-

nities to change
~ = generated from

Select j, the actor towards i is
going to change his outgoing tie

i—j fi Pij
1—-1 -1.75 0.15
1—-2 -100 031

1—-+3 -325 0.03
1—+4 -05 051

eg. j=1
@
@
/ 12 3 4
1[-Jo1]0
b b4 2(1 olo
@& — & a[1]0[-[0
4(0|0[1] -
-u/
< x(1~>1)

Simulating network evolution

Algorithm 1: Network evolution

Input: x(tp), A, 8, n
Output: x*™(t;)
t+0
x < x(tg)
while condition = TRUE do
dt ~ Exp(n))
i~ Uniform(1,...,n)
J ~ Multinomial(pi1, ..., Pin)
if i £ j then
| x < x(i~J)
else
L X< X
t< t+dt

xSM(t1)  x
return x5™(t;)

t = time

dt = holding time between consecutive opportu-

nities to change
~ = generated from

Simulating network evolution

Algorithm 1: Network evolution

Input: x(tp), A, 8, n
Output: x*™(t;)
t+0
x < x(tg)
while condition = TRUE do
dt ~ Exp(n))
i~ Uniform(1,...,n)
J ~ Multinomial(pi1,- .., pin)
if i # j then
| xx(i~j)
else
L X4+ X
t<t4dt

xSM(t1)  x
return x*™(t;)

t = time

dt = holding time between consecutive opportu-

nities to change
~ = generated from

eg. t =0+ 0.0027

o
o= |w

BEIEIEES

A WN =
=
o

x(1~ 4)



Simulating network evolution

Two different stopping rules:

1. Unconditional simulation:

the simulation of the network evolution carries on until a predetermined
time length has elapsed (usually until t =1).

2. Conditional simulation on the observed number of changes:

Simulation runs on until

n n
. |
> () = xito)| = D (1)~ (o)
ij=1 ij=1

1] 1#]

This criterion can be generalized conditioning on any other explanatory
variable.

Estimating the parameter of the SAOM

Problem

Given the longitudinal network data

x(to), x(t1),---, x(tm)

and a parametrization of the SAOM

9:(>\17 "'7>\M7/317 "'7ﬁK)
we want to estimate 6 in a plausible way.

Solution
Different estimation methods are available:

1. Method of Moments (MoM)
2. Maximum Likelihood Estimation (MLE)

Simulating network evolution

Use of simulations:
- simulating the network evolution between two consecutive time points
N.b.

For simulations of 3 or more waves (M > 2), the simulations for wave m+1 start
at the simulated network for wave m.

- provide possible scenarios of the network evolution according to different values
of the parameters of the SAOM

- estimate the parameters of the SAOM

- evaluate the goodness of fit of the model

Background: Method of Moments (MoM)

Definition

Let X be a random variable with probability distribution depending on a
parameter 6.

Let (x1, ..., Xq) a sample of g observations from the r.v. X.

The expected value (mean or moment) of X, denoted by Ey[X], is defined
by:
EolX]=> x-p(x,0)

x€ES
if X is discrete with p.m.f ¢(x,60) and

Ey[X] = / x - f(x,0)dx

xE€S
if X is continuous with p.d.f f(x,6)

The sample counterpart of Ey[X], denoted by p, is defined by:

13
M:E;Xi



Background: Method of Moments (MoM)

Definition

The method of moment estimator for 6 is found by equating the expected

value Ey[X] to its sample counterpart
Eg[X] = p

and solving the resulting equation for the unknown parameter.
The estimate for 0 is denoted by 6.

In practice:

1. Compute the expected value Eg[X]
q

2. Compute the sample counterpart p = % >oxi
i=1

3. Solve the moment equation Ey[X] = p for 0

Motivation

One can observe that the expected value of a certain distribution usually

depends on the parameter 0

Background: Method of Moments (MoM)

Example
1. The expected value of W is:

+o00 +oo
Ex[W] = /W~fw(W)dW:/W‘)\eiAde
0 0
400
+oo
= [7W~e_kw} f/fe_)‘wdw
0
0

integration by parts

_ __l _/\W:|+oo_l
=0 [ o A

Background: Method of Moments (MoM)

Example

Let W be the r.v. describing the waiting times between two consecutive
opportunities for change for an actor in a network evolution process
described by the SAOM.

A sample is reported in the following table:

| 1 2 3 4 5 6 7 8 9 10
w; | 033 0.08 0.06 0.01 0.04 011 0.03 018 0.02 0.07
Estimate the rate parameter A according to the MoM.
From the assumptions of the SAOM follows that W ~ Exp()\)
fww)=xe™™  Xw>0
Background: Method of Moments (MoM)
Example
| 1 2 3 4 5 6 7 8 9 10
w; | 033 0.08 0.06 001 0.04 011 0.03 018 0.02 0.07

2. The sample counterpart is:

10
1 Z 0.93
n= E £ w; = TO =0.093

3. The estimate for \ is the solution of:

ExX[W]=p
1_
N H
namely ) )
A=—=——=10.75

i 0.093



Background: Generalizations of MoM

The principle of the MoM can be easily generalized to any function s: § — R.

1. Expected value of s(X):

Eols(X)] =D _ s(x)(x,0)

xXES

Eg[s(X)] = /s(x)f(xﬁ)dx

xX€ES

2. Corresponding sample moment:

13
Y= EZS(X")

i=1

3. Moment equation:
Egls(X)] =~

The functions s(X) are called statistics

Estimating the parameter of the SAOM using MoM

Aim: estimate 6 using the MoM

0:(A17 ctt A,\47 ﬂl, tt ﬁK)
In practice:
1. find M+ K statistics

2. set the theoretical expected value of each statistic equal to its sample
counterpart

3. solve the resulting system of equations with respect to 6.

For simplicity, let us assume to have observed a network at two time points ty and t;
and to condition the estimation on the first observation x(tp)

Background: Generalizations of MoM

The MoM can be applied also in situations where § = (61, ..., 6p).
1. Definition of p statistics (s1(X), ..., sp(X))
2. Definition of p moment conditions:
Egls1(X)] =m

Eg[s2(X)] =2
Eg[sp(X)] =1p

3. Solving the resulting equations for the unknown parameters

1. Defining the statistics

The rate parameter A describes the frequency at which changes
can potentially happen.

s\(X(t2), X (t0)|X (t0) = x(t0)) = Y _ [ Xi(t2) — X;i(to)|
ij=1
Reason

N=2 | =3 \=4
s\ | 94 135 | 171

= higher values of \ leads to higher values of s)



1. Defining the statistics

2.

The parameter 3 quantifies the role played by each effect in the network

evolution.
n

sk(X (1) X(t0) = x(t0)) = > _ si(X(

i=1

Example

Let us consider the outdegree:

n

SOUf(X(tl)‘X(tO =X tO) :Zsl out ZZXU tl

i=1 i=1 j=1

6out =-25 Bout =-2 6out =-15
Sout 195 214 234

= higher values of Sout leads to higher values of sout

Setting the moment equations

The MoM estimator for 6 is defined as the solution of the system
of M+ K equations

Eg [55, (X(tm), X(tm—1) X (tm—1) = x(tm1))] = 1, (x(tm), X(tm—1))

M
Z Smk (X(tm)[ X (tm—1) = x(tm=1)) | = D Smk(x(tm))

m=1

withm=1,.... Mand k=1,--- K

1. Defining the statistics

Generalizing to M periods:

- Statistics for the rate function parameters

SXI(X(tl),X

n

(w)X(@) =x(0) = 3 [Xi()

S (X (), X (tv— 1)1 X (Em—1) = x(tm—1)

- Statistics for the objective function parameters:

M

m

1

Smk (X (tm)| X (tm—1) = x(tm—1)

2. Setting the moment equations

Example

— Xij(to)|

Z ’Xu tM

ij=1

- i

smk(X

Let us assume to have observed a network at two time points

— Xij(tm—1)|

]

—

ol

AW

o

[N (==

W e
o
o

[ (=R e

v

We want to model the network evolution according to the outdegree, the
reciprocity and the transitivity effects

0= ()\: ﬁouta Brec, Btrans)



2. Setting the moment equations 2. Setting the moment equations

Example
Example

Statistics: f
@

4
s\ (X(0). X (1) X (t0) = x(20)) = 3 [ Xi(t1) ~ Xy(t0)|

=
4 . >
Sout (X(t1)|X(t0) = x(t0)) = > Xj(t1) to 4
”le 12 3 4 1234
11 -11(1]0 1 1/0/1
4 211]-(0]0 2/0]-]0]0
310]0[-]1 3/0/0]-]1
srec (X(t1)|X(t0) = x(t0)) = 3= Xj(t1)Xji(t1) afolo[1]- aaha

ij=1

4 Observed values of the statistics:
Strans (X (t1)[X(t0) = x(t0)) = > Xij(t1)Xin(t1)Xjn(t1)
ij,h=1 sx=5

Sout =6  Srec =4  Strans =2

2. Setting the moment equations 3. Solving the moment equations

Simplified notation:

- S: (M + K)-dimensional vector of statistics
Example

o - s: (M4 K)-dimensional vector of the observed values of the statistics
We look for the value of 6 that satisfies the system:

Consequently, the system of moment equations can be written as
Ep [sx(X(t1), X(t0)[X(t0) = x(t0))] =5
Eg[S] =S
Eg [sour (X(t1)|X(t0) = x(t0))] = 6
or equivalently as
Eg [srec (X(t1)|X(t0) = x(t0))] = 4 EglS—s]=0

Eg [strans (X(£1)|X(t0) = x(t0))] = 2
Problem: analytical procedures cannot be applied to solve this system

Solution: stochastic approximation method
i.e. an iterative stochastic algorithm that attempt to find zeros of functions
which cannot be analytically computed.



3. Solving the moment equations: stochastic approximation method 3. Solving the moment equations: stochastic approximation method

Example
Given an initial guess 0y for the parameter 6, the procedure can be roughly
depicted as follows: Let us consider the “Teenage Friends and Lifestyle Study” data set.
o We model the network evolution according to the following parameter
0 approximation E [5 _ S] update 91
0 o 0= ()\1, A2, Bout, Brec, /BtranS)
approximation update
01 Eg,[S — ] 02 The MoM equations are:
approximation update
_— v
Eg [sx, (X(t1), X (o)X (t0) = x(t0))] = 477
imation update
01_1 approxima Eg._ [5 B S] 0
' it ! Ey [skz(X(tg),X(t1)|X(t1) = x(tl))] =437
approximation update
—_— S _ _
Ey [sout (X(t1)|X(to) = x(tp))] = 909
. N Eg [srec (X(t1)|X(t0) = x(t0))] = 548
until a certain criterion is satisfied
Ep [serans (X (t1)| X (t0) = x(to))] = 1146
3. Solving the moment equations: stochastic approximation method 3. Solving the moment equations: stochastic approximation method
Example Example
- Guess 6y = (7.45,6.83,—1.61,0,0) - Guess 6; =(7.1,6.75,—1.70,1.20,0.25)
- Simulate the network evolution 1000 times according to 50 - Simulate the network evolution 1000 times according to 51
- Approximation of the expected values - Approximation of the expected values
S\, =605.745 Sy, =573.715 S\, =549.787 S, =532.551
Sg,,, = 1151.886 Sg,.. = 141.406 S By = 270.118 Sgp,,. = 1478.988 Sg,.. = 517.450 S By = 1062.537
- Approximation of the moment equation - Approximation of the moment equation
Sy, —A77=128.745 S\, —437=136.715 Sy, — 477 =72.787 Sy, —437=95.551

Sp,. —909=242.886  Sg__—548=—406.594 S Byane — 1146 = —875.882 Sg.,. — 909 = 569.988 Sg,.. — 548 = —30.550 S Byane — 1146 = —83.463



3. Solving the moment equations: stochastic approximation method 3. Solving the moment equations: stochastic approximation method

Example Example

- Guess 0, = (7.10,6.75,—2.20,1.40,0.35) - Guess 6 = (10.71,8.79, -2.63,2.16,0.46)

- Simulate the network evolution 1000 times according to 6 - Simulate the network evolution 1000 times according to 0;
1

- Approximation of the expected values . .
pproxi ! P val - Approximation of the expected values
Sy, = 446.853 Sy, =437.166 _ _
M o S, = 476.022 S, = 436.983

Sz . =1025.729 Sz =414.484 S = 698.734 - — -
Pout Pree Perans S B0 = 906.809 S5,.. = 545.578 S By = 1147.795

Approximation of the moment equation . . .
- Approximation of the moment equation

Sy, — 477 = —30.147 Sy, —437=0.166 = =
M A2 S\, —477=—0.978 S, —437 = —0.017
Sg,, —909 =116.729 Sg,.. —548=—133.516  Sg,,. — 1146 = —447.266 = = -
Pout Prec Prrans Sg,, —909 = —2.191 Sp,,. — 548 = —2.422 S5y — 1146 = 1.795
and so on...
3. Solving the moment equations: stochastic approximation method 3. Solving the moment equations: stochastic approximation method
1. Approximation 1. Approximation
Definition 1. Given x(tp) and @

Let X be a random variable with distribution function fx(x).

® ) ®
The Monte Carlo method consists in: (1), X (t2), - X ()
1. generating a sample (x1,---,xg) from the distribution function fx(x)

2. computing s(x;), I=1,..., q X(q)(fl), X(q)(t2)a ceey X(q)(tM)
3. approximating the expected value with the empirical average, i.e.:

S= %ZS(X’) 2. For each sequence compute the value SO taken by S
I=1
3. Approximate the expected value by
Reason q
It can be proved that B S— 1 s Ers
S — E[s(X)] q ; ol°]

as g — oo



3. Solving the moment equations: stochastic approximation method

1. Approximation

Example
Approximating Eg[sout(X(t1)|X(t0) = x(to))] for the “Teenage Friends and
Lifestyle Study” data set

1. Given:

- x(to)
- 0= (M1 =10.69, )y = 8.82, Bout = —2.63, Brec = 2.17, Btrans = 0.46)

simulate the network evolution g = 1000 times

xN (1), xD(r), ..., xV(tp)

X(q)(tl)’ X(q)(t2)7 o x(")(tM)

3. Solving the moment equations: stochastic approximation method

1. Approximation

Example

3. Approximate the expected value by
< 1¢ (1
Sout = = E S,
ou q — out

= 942 4-874 + 1047 4881 + 865 + 866 +999 - 948 + . ..
Sout = 1000 ~ 912

3. Solving the moment equations: stochastic approximation method

1. Approximation

Example

2. Compute the value assumed by Seu: for each sequence of networks

M—1 n n
! I
S =D 2>y (tm)
m=1 i=1 j=1
sim | 1 2 3 4 5 6 7 8

Nr. Edges | 942 874 1047 881 865 866 999 948

3. Solving the moment equations: stochastic approximation method

2. Updating rule

The (modified) Robbins-Monro (RM) algorithm
Iterative algorithm to find the solution to

Eg [5] =S
The value of 8 is iteratively updated according to:
Gri1 =0 — 2D (Ea[S] - s)

where:

- a; is a series such that

oo oo
lim a; =0 E aj =00 E a,-2<oo
i—00

i=1 i=1

- D is a diagonal matrix with elements

~ 0
90 o]



3. Solving the moment equations: stochastic approximation method 3. Solving the moment equations: stochastic approximation method
2. Updating rule 2. Updating rule
t/9\,-+1 :,0\,-72,-571 (Ea[S]fs) t/9\,-+1 :é\;fa,-B*l (E@\.[S]fs)
Intuitively: Intuitively:

By (X) -a E:(X)-a

y
[ I [ [ [ I [ &
. B3 92 91 GD ei . B3 92 91 GD ei
3. Solving the moment equations: stochastic approximation method 3. Solving the moment equations: stochastic approximation method
2. Updating rule 2. Updating rule
Gri1 =0 — 2D (Ea[S]—s) Gri1 =0 — 2D (53[5175)
Intuitively: Intuitively:
Es(X) -~ E5(X) -«
5 y E y :
T I I I K T I I I K
.8 8 84 B o .8 8 B4 B o



Estimating the parameter of the SAOM

Issue

Given
X(tO)a X(tl)v [REE) X(tM)

and a parametrization of the SAOM
0= ()‘17 -~'7AM717617 '“,BK)

we want to estimate 6 in a plausible way.

Different estimation methods are available:

1. Method of Moments: R
an estimation for 0 is the value 6 that solves:

E9[5—5]20

2. Maximum-likelihood estimation:
what is the most likely value of 0 that could have generated the observed
data?

Background: the Maximum-likelihood estimation (MLE)

In practice, it is easier to compute 0 using the log-likelihood function,
i.e. log(L(0))

0= log(L(0
arg max og(L(9))

N.b.

The logarithm is a monotonic increasing function

Background: the Maximum-likelihood estimation (MLE)

Definition

Suppose that X is a r.v. with p.m.f o(x,0), if X is discrete, or with p.d.f.
f(x,0), if X is continuous, where 6 € ORX. Let x = (x1,x,...,xq) be the
observed value of a random sample of size q.

The likelihood function associated with the observed data is:

L(O):© =R, 0+ Py(xy,...,Xq)

defined as:
q q
L(0) = [ J . 0) L(9) = [ (. 0)
=1 i=1
if X is discrete if X is continuous

A parameter vector § maximizing L:

0= L(o
25 L0)

is called a maximum likelihood estimate for 6

Background: the Maximum-likelihood estimation (MLE)

Example

Let W be the r.v. describing the waiting times between two consecutive
opportunities for change for an actor in a network evolution process
described by the SAOM.

A sample is reported in the following table:

1 2 3 4 5 6 7 8 9

w;‘0.33 0.08 0.06 0.01 004 0.11 0.03 0.18 0.02

Estimate the rate parameter A according to the MLE.

From the assumptions of the SAOM follows that W ~ Exp(\)

fww,A)=xe ™  Aw>0



Background: the Maximum-likelihood estimation (MLE)

Example

Finding an estimate for 6 requires:

1. computing the (log-)likelihood of the evolution process

2. maximizing the (log-)likelihood

1. Computing the likelihood of the evolution process

q q “A) o w
L) = [[fw(wi \) = [[re ™™ =2%e =
i=1 i=1
q
- w; q
log(L(\)) = log | A% = | =q-log(\) =AY _w;

i=1

Estimating the parameter of the SAOM using MLE

Let
F={F(0),0 € © CR"}
be a collection of SAOMs parametrized by 6 € © C R¥

- x(tp),...,x(tps) be the observed network data
- V4,...,Vy be the observed actor attributes

The likelihood function associated with the observed data is:

L:©—=R; 0+ Py(x(to),...,x(tm))

Background: the Maximum-likelihood estimation (MLE)

Example
Finding an estimate for 6 requires:

1. computing the (log-)likelihood of the evolution process
2. maximizing the (log-)likelihood

2. Maximizing the (log-)likelihood

0
2 Jog(L -
Y iog(L() = 0

q q

P DL

i=1
A= qq (stationary point)
> wi

Checking that this stationary point is a maximum

2

533 o8 (L(V) = -3 <o

/\2
Therefore, A = 10.75

1. Computing the (log-)likelihood of the evolution process

For semplicity, let us consider only two observations x(tp) and x(t1)

The model assumptions allow to decompose the process in a series of
micro-steps:

{(T"7if7jr)’r:17 7R}

- T;: time point for an opportunity for change
to<Ti1<...<Tr<ty
- ir: actor who has the opportunity to change

- jr: actor towards whom the tie is changed

Given the sequence {(Tr,ir,jr),r =1,...,R}, the likelihood of the evolution
process

r=1

R (MR k1
logL(6) = log (H Pe((m,fr») S /og( o e‘"Aan;,j,(ﬂ,xm)))
r=1



2. Maximizing the (log-)likelihood

Example

Let us consider the “Teenage Friends and Lifestyle Study” data set.

We model the network evolution according to the following parameter

0= ()\1’ )\2, ﬁout, 5rec7 /Btrans)

We look for  such that:

2. Maximizing the (log-)likelihood

3; log(L(8)) = 0
7% log(L(0)) =0
e log(L(6)) =0
o= log(L(0)) =0

ﬁ/og(L(G)) =0

Given an initial guess 6 for the parameter 60, the procedure can be roughly

depicted as follows:

approximation

bo
approximation
p ———
approximation
_—
approximation
Oi—1

approximation
e

until a certain criterion is satisfied

S log(L(%))

Splog(L(61))

plog(L(6;-1))

update
e
update
—_—
update
e
update
e

update
e

01

02

2. Maximizing the (log-)likelihood

Problem:
we cannot observe the complete data, i.e., the complete series of micro-steps
that lead from x(tg) to x(t1), from x(t1) to x(t2), ...

I

we cannot compute the L of the observed data

I

a stochastic approximation method must be applied.

2. Maximizing the (log-)likelihood

1. Approximation
To approximate the (log-)likelihood we use the augmented data method
Definition

The augmented data (or sample path) consist of the sequence of tie changes
that brings the network from x(tg) to x(t1)

(i17j1)7~"7(iR7jR)

Formally:
v=A{(i.a).---.(ir.Jr)} €V
where 'V is the set of all sample paths connecting x(tp) and x(t1).

We can approximate the (log-)likelihood function (and then the score function)
of the observed data using the probability of v

(n)\)R — o\ R 1
logP(v|x(to),x(t1)) o log B e H;p,-,j,(ﬂ,x(Tr))
r=1



Outline

likelihood

2. Maximizing the (log-)

2. Updating rule

We would like to solve the equation:

0

(9))

L

(

log

0
a9

Extending the model: analyzing the co-evolution of networks and behavior

~

Given 0; and the corresponding approximation of the score function:

[0}
(9]
c
[
3
ey
£
o
c
c @
Q9 c
-
T2
£3
]
>0

Model definition and specification

Vi)

o~

log(L(0;;

0

o0
we update the parameter estimate using the Robbins-Monro step

Simulating the co-evolution of networks and behavior

Parameter interpretation

Parameter estimation

Networks are dynamic by nature: a real example
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where D is a diagonal matrix with elements
Networks are dynamic by nature: a real example

Ties and actors'characteristics can change over time.

Ties and actors'characteristics can change over time.
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Networks are dynamic by nature: a real example Motivation
Ties and actors'characteristics can change over time.

1. Social network dynamics can depend on actors'characteristics.

Selection process: relationship partners are selected according to their
characteristics

Example
Homophily: the formation of relations based on the similarity of two actors

E.g. smoking behavior
i® O i@—@
i® O i@—0
@ @ @—@i

to 51

Motivation Competing explanatory stories
2. Changeable actors’'characteristics can depend on the social network

E.g.: opinions, attitudes, intentions, etc. - we use the word behavior for all of

thesel! Homophily and assimilation give rise to the same outcome (similarity of
connected individuals)

Influence process: actors adjust their characteristics according to the

characteristics of other actors to whom they are tied ¥

study of influence requires the consideration of selection and vice versa.
Example Y q

Assimilation/contagion: connected actors become increasingly similar over time . . S . . .
/ & gl Fundamental question: is this similarity caused mainly by influence or mainly by

selection?

E.g. smoking behavior
i@—0: i@—@i
i@—0; i0—0:;
@—@: i@—@i

to t1

Extending the SAOM for the co-evolution of networks and behaviors




Competing explanatory stories

Example

Similarity in smoking:

Selection: "a smoker may tend to have smoking friends because, once
somebody is a smoker, he or she is likely to meet other smokers in smoking
areas and thus has more opportunities to form friendship ties with them”

Influence: “the friendship with a smoker may have made an actor smoking in
the first place”

Assumptions

1. Distribution of the process.
Changes between observational time points are modeled according to a
continuous-time Markov chain.

- State space C: all the possible configurations arising from the
combination of network and behaviors

‘C| _ 2n(n71) « B"
where B is the number of categories for the behavior variable.

- Markovian assumption: changes actors make are assumed to depend
only on the current state of the network

- Continuous-time:

Longitudinal network-behavior panel data

1. a network x represented by its adjacency matrix

2. a series of actors’ attributes:
- H constant covariates Vq,---, Vy

- L behavior covariates Z;(t),---,Z;(t)
Behavior variables are ordinal categorical variables.

Longitudinal network-behavior panel data: networks and behaviors observed at
M > 2 time points t1, -+, tpy

(X,Z)(to), (X7Z)(t1)7"'7 (X7Z)(tM)

and the constant covariates Vi,---, Vy.

Assumptions

1. Distribution of the process.
Changes between observational time points are modeled according to a
continuous-time Markov chain.

- State space C: all the possible configurations arising from the
combination of network and behaviors

‘C| _ 2n(n71) « B"
where B is the number of categories for the behavior variable.

- Markovian assumption: changes actors make are assumed to depend
only on the current state of the network

- Continuous-time:

] o — 0—0

! ]
! . ¢ ) ¢ 1
1 i i i i |
V |
' !
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Assumptions

1. Distribution of the process.
Changes between observational time points are modeled according to a
continuous-time Markov chain.

- State space C: all the possible configurations arising from the
combination of network and behaviors

Ic| =21 » "
where B is the number of categories for the behavior variable.

- Markovian assumption: changes actors make are assumed to depend
only on the current state of the network and behavior

- Continuous-time:

- @

0

Assumptions

2. Opportunity to change.
At any given moment one probabilistically selected actor has the
opportunity to change one of his outgoing ties or his behavior.

-

2 3
L A
, 1 2[1]-[ol0
5‘—'551003 @ a3 3o -Jo
5/ alofol1 5/ a[ofola]-
x(1~2) x(1~3)

“ N, S

@
@
@/
<&
do nothing (1 4)
1234 z
1-]0j1]0 2 =
2[1]-]ofo 2] /Q 1234 2 /5 12324
3[1lol-]0 1[-ToJolo 1[-Tofol1
<« 3 Z2l1]-10]0 1 - W 2[1]-]o]o
4lofola]-| [1] ; @ s3ajo o] 2] @ @ 3[1(0] |0
(x,2) = current state / 4(0]0]1]- \ a[ofof1]-

./
a

Assumptions

1. Distribution of the process.
Changes between observational time points are modeled according to a
continuous-time Markov chain.

- State space C: all the possible configurations arising from the
combination of network and behaviors

‘C| _ 2n(n71) « B"
where B is the number of categories for the behavior variable.

- Markovian assumption: changes actors make are assumed to depend
only on the current state of the network and behavior

- Continuous-time:

T e e =>e e

Assumptions

2. Opportunity to change.
At any given moment one probabilistically selected actor has the
opportunity to change one of his outgoing ties or his behavior.

1234 2
1[-JoJ1]o] [2]
2[1[-Tolo] [2]
3afo]-To] [2]
alofo1][-] [1]

(x,2) = current state



Assumptions Assumptions

2. Opportunity to change. 2. Opportunity to change.
At any given moment one probabilistically selected actor has the At any given moment one probabilistically selected actor has the
opportunity to change one of his outgoing ties or his behavior. opportunity to change one of his outgoing ties or his behavior.
2 2
/ \[TenTe / SORE
s 1 s 1
alofof1]- alofof1]-
4 2(2~41) 4 Z(2~1)
2 2
/ 2 12 34 z
1 1]o] [3]
1
2 ; ; ; 8—u s
/ alofo]1]-
/ / 4 2(2~+3)
4 4
1234 1234
1-10]1]0 1-10]1]0
2(1/-10]0 2[1/-10]0
311]0]-]0 311]0]-]0
4/0]0]1]- 4/0]0[1]f-
(x,2) = current state (x,2) = current state
Assumptions Assumptions

2. Opportunity to change.
At any given moment one probabilistically selected actor has the

opportunity to change one of his outgoing ties or his behavior.
PP y & going 3. Absence of co-occurrence.

At each instant t, only one actor has the opportunity to change (one of his

2 1234z outgoing ties or his behavior)
/ 1[-Jo[1]o] [1]
1
L8 Lo
/el 4. Actor-oriented perspective.
4 Z2~-1) Actors control their outgoing ties as well as their own behavior.
- - - the actor decide to change one of his outgoing ties or his behavior
12 3 4 Z . . . o .
/ 1[-To[alo trying to maximize a utility function
= = . < 2[1]-Tofo
— / Annne - two distinct objective functions: one for the network and one for the
/ 5 2(2~3) behavior change
4
- actors have complete knowledge about the network and the behaviors
1234 = of all the the other actors
1{-|o]1fo / 1234
NTIE 2 Tole - the maximization is based on immediate returns (myopic actors)
3[1]o[-o R T e e e
alofo]1]- / S IoTeTs
(x,2) = current state

do nothing



Model definition

The co-evolution process is decomposed into a series of micro-steps:

- network micro-step: the opportunity of changing one network tie and the
corresponding tie changed

- behavior micro-step: the opportunity of changing a behavior and the
corresponding unit changed in behavior

I

every micro-step requires the identification of a focal actor who gets the
opportunity to make a change and the identification of the change outcome

Occurrence Preference

Network changes Network rate function Network objective function

Behavioral changes  Behavioral rate function  Behavioral objective function

The rate functions

Network rate function
T,-"et = the waiting time until i gets the opportunity to make a network change

T ~ Exp(\[)

Behavior rate function
T,-be,1 = the waiting time until i gets the opportunity to make a behavior change

TP ~ Exp(A7")

Waiting time for a new micro-step
TPetVbeh — the waiting time until i gets the opportunity to make any change

—I—inet\/beh ~ EXP()\tot)

where

Aot = Y (A 427

1

The rate functions

The frequency by which actors have the opportunity to make a change is
modeled by the rate functions, one for each type of change.

v

Why must we specify two different rate functions?

Practically always, one type of decision will be made more frequently than the
other

Example
In the joint study of friendship and smoking behavior at high school, we would
expect more frequent changes in the network than in behavior

The rate functions (simplest specification)

Network rate function
T,-”et = the waiting time until i gets the opportunity to make a network change

Tinet ~ EXp(/\nEt)

Behavior rate function
T,-bEh = the waiting time until / gets the opportunity to make a behavior change

—,—’_beh ~ Exp()\beh)

Waiting time for a new micro-step
TPetVbeh — the waiting time until i gets the opportunity to make any change

TinetVbeh ~ Exp(Atot)

where
Aot = n()\net +)\beh)



The rate functions (simplest specification)

Probabilities for an actor to make a micro-step

net
P(i can make a network micro — step) =
Atot
)\beh
P(i can make a behavioral micro— step) =
)\tot
Probabilities for a micro-step
n)\net )\net
P(network micro — step) = =
( P) Atot Anet \beh
n)\beh )\beh

P(behavioral micro— step) = o = et nbeh
tot

The objective functions
Behavioral utility function

u;’eh(y,z(l'\» 1), x v) = f,-beh( 21~ 1), x,v) 4+ E

—Z’ywsbeh(x (I~ 1), v)+Epr

where
- sPh(x,z(I~ I'),v) are effects
- 7w are statistical parameters

- &y is a random term (Gumbel distributed)

The probability that an actor i changes his own behavior by one unit is:

exp (beh( Jz(I~ 1), x, v))

> exp(Feh(y,z(1~ 1), x,v))
1" e {I4T,—1,1}

pi (i) =

py(i) is the probability that i does not change his behavior.

N.b. In the following we will write z’ instead of z(/~+I")

The objective functions

v

Why must we specify two different objective functions?

- The network objective function represents how likely it is for i to change
one of his outgoing ties

- The behavioral objective function represents how likely it is for the actor i
the current level of his behavior

Network utility function

U (B, x(i~ j),z,v) = (B, x(i ~ j), z,v) + &

K
Z kS (x,z,v) + &
k=1

The objective functions

The specification of the behavioral objective function

- Basic shape effects

beh beh
sijinear(x’ Zl7 V) = Z,—’ Si,Zuadratic(X7zl? V) = (zi/)2

The basic shape effects must be always included in the model specification

'Yquad(z,")2 + ’Y/inearz,'l ’Yquad( ) + ’Y/rnearz

Yquad < 0 Yquad > 0



The objective functions
The specification of the behavioral objective function

- Classical influence effects

1. The average similarity effect

beh
Si_. avs:m(X Z V XU simy/ (Ij 751mz)
where | |
Z: — Z:
. e i j
simy(ijj)=1— ————
2 (if) R,
R is the range of the behavior z and sim; is the mean similarity
value
N.b.: zj' =z

The objective functions

The specification of the behavioral objective function

- Position-dependent influence effects

Network position could also have an effect on the behavior of dynamics

1. outdegree effect

n
beh ! /z :
Si,out(sz ) V) =2z ij

j=1

2. indegree effect

beh
S,deZ v _ZI§ Xji

- Effects of other actor variables.

For each actor’s attribute a main effect on the behavior can be included in

the model

The objective functions
The specification of the behavioral objective function
- Classical influence effects
1. The average similarity effect
s,bivs,m(x z,v)= ! Zx,j(simzz(ij) — simy)
n

> |

J=1
where
/ /
sim () =1 17 =3l
z Rz
R is the range of the behavior z and sim; is the mean similarity
value

2. The total similarity effect

beh
Si_ tots:m X, Z V g X’J Simy I_] —s:mz)
j=1

Simulating the co-evolution of networks and behavior

Aim: given (x,z)(tp) and fixed parameter values, provide (x,z)%™(t;)
according to the process behind the SAOM

I

reproduce a possible series of network and behavior micro-steps
between ty and t;

Input

n = number of actors
A"t — network rate parameter (given)
Abeh — behavior rate parameter (given)
B =(B1,...,BK) = objective function parameters (given)
~=(71,-..,yw) = objective function parameters (given)

(x,2)(tp) = network and behavior at time ty (given)

Output

(x,2)*™(t;) = network and behavior at time t;



Simulating the co-evolution of networks and behavior

Algorithm 2:

Input: x(to), z(to), A", X\P¢h B, ~, n
Output: xM(t;), z5™(t1)
t+ 0; x < x(to); z + z(to)
while condition=TRUE do
denet ~ EXp(n)\"Et)
dtbeh ~ EXp(n)\beh)
if min{dt"et, dtbeh} = dt"et then
i ~ Uniform(1,...,n),
J ~ Multinomial(pj1, ..., Pin)
if i #j then
L x  x(i~ j)

t < t+dt"et

else
i ~ Uniform(1,...,n),
I" ~ Multinomial(py—1y, Pi» Pi(1+1))
if /£ 1" then
L z+z(I~ 1)

t < t+ dtbeh

XSim(tl) — X
z5M(t1) + z
return x*M(t1), z5™ (1)

4
2
/ 1234 ¢«
1[-Jo]1]o
» 4 2[1]-Jofo
@ +—@  s[ijol-|o
/ 4lolo]1]-
3 (x,2)(to)
n=4
Anet = 1.5
Anet :1
ﬁ: (Boutyﬁrec,ﬂtrans)
=(-1,0.5,-0.25)

V= ('Ylinear s Yquadratic s 'Yavsr'm)
=(-2,1,0.25)

Simulating the co-evolution of networks and behavior

Algorithm 2:

Input: x(to), z(to), }\"et, Abeh B~ n
Output: x5™(ty), z9™(t;)
t < 0; x < x(to); z + z(to)
while condition=TRUE do
dt"t ~ Exp(n\"t)
dtbeh ~ Exp(n)beh)
if min{dt"et, dtbeh} = dt"°t then

i ~ Uniform(1,...,n)

Jj ~ Multinomial(pj1,...,Pin)

if i # j then

| x<x(i~])

L t< t4dt"t
else
i ~ Uniform(1,...,n)
I" ~ Multinomial(py—1y, Pu» Pi(1+1))
if 11 then
L z+z(I~ 1)

t < t+ dtbeh

xM(t1) + x
z5im (1) 4+ z
return x*M(t1), z5™(t;)

Which micro-step is going to
happen?

If
denet < dtbeh

then a network micro-step takes
place

The following steps are the same
of those in Algorithm 1

Simulating the co-evolution of networks and behavior

Algorithm 2:

Input: x(to), z(to), A", X\Peh B, ~, n
Output: x™(t1), z5™(t1)

t <+ 0; x < x(to); z + z(to)

while condition=TRUE do

dt"et ~ Exp(nA\"et)

drbeh ~ Exp(n/\beh)

if min{dt"et dtbeh} = dt"et then
i~ Uniform(1,...,n),

J ~ Multinomial(pj1, ..., Pin)

if i # j then Generating the waiting time:
| x < x(i~)) - dt"® for a tie change
|t t4dtmet - dtPeh for a behavior change

else
i ~ Uniform(1,...,n),
I" ~ Multinomial(pyj-1y, Pi » Pi(1+1))
if | £ /" then
L z+z(I~ 1)

t « t+ dtbeh

x*M(t1) < x
Z5im(t1) + z
return x*M(t), z5M (1)

Simulating the co-evolution of networks and behavior

Algorithm 2:

Input: x(to), z(to), A", X\P¢h B, ~, n
Output: xM(t;), z5™(t1)

t <+ 0; x < x(to); z + z(to)

while condition=TRUE do

dthet ~ EXp(n)\"Et)

dtbeh ~ EXp(n)\beh)

if min{dt"et dtbeh} = dt"t then

i ~ Uniform(1,...,n) Which micro-step is going to
J ~ Multinomial(pj1, ..., Pin) happen?
if i # j then
| x4 x(i~)) If
t < t+ dtnet dtbeh < dt"et
else then a behavior micro-step takes
i ~ Uniform(1,...,n) place
I" ~ Multinomial (py( 1y, P Pi(/+1))
if | £/ then
| z<z(I~1)
L t+ t+dtheh

Xx5M(ty) + x
Z25m (1) « z
return x*M(ty), z5M (1)




Simulating the co-evolution of networks and behavior

Algorithm 2:

Input: x(to), z(to), A", X\P¢h B, ~, n
Output: xM(t;), z5m(t1)
t <+ 0; x < x(to); z + z(to)
while condition=TRUE do
dtnet ~ EXp(n)\net)
dtbeh ~ EXp(I‘l)\beh)
if min{dt"t, dtbeh} = dt"* then
i ~ Uniform(1,...,n)
J ~ Multinomial(pj1, ..., Pin)
if i #j then
| x4 x(i~))
|t t4dtet
else
i ~ Uniform(1,...,n)
I" ~ Multinomial (py(; 1y, Pi s Pi(i+1))
if /£ 1" then
| zz(I~1)

t < t 4 dtbeh

x*M(t1) < x
z5m(t) « z
return x*M(t;), z5M(t;)

Select the actor i who has the op-
portunity to change his behavior

eg. i=1
2o
1234
1[-Jo]1]o
b} 2[1]-]ofo
@ 3[1]o[-Jo
/ 4{0]o]1
\Rﬁ
- (x,2)(to)

Simulating the co-evolution of networks and behavior

Algorithm 2:

Input: x(to), z(to), A", X\P¢h B, ~, n
Output: xM(t;), z5™(t1)
t <+ 0; x < x(to); z + z(to)
while condition=TRUE do
denet ~ EXp(n)\"Et)
dtbeh ~ EXp(n)\beh)
if min{dt"et, dtbeh} = dt"t then
i ~ Uniform(1,...,n)
J ~ Multinomial(pj1, ..., Pin)
if i #j then
| x4 x(i~))
L t< t+dt"e
else
i~ Uniform(1,...,n)
I" ~ Multinomial (py(; 1y, Pi s Pii+1))
if | £/ then
| z<z(I~1)

|t t+dtbeh

Xx5M(t1) + x
zM(t1) + z
return x*M(ty), z5M (1)

Select the level I’ towards i is go-
ing to adjust his behavior

eg. I'=3
-
(>4
/ 1234 1
1[-ToJ1Jo] [3]
o 2[1]-Jolo
" > & 3[1]o]-Jo
/ alo]o]1
) !/
Y (x,z(I = 1"))

Simulating the co-evolution of networks and behavior

Algorithm 2:

Input: x(to), z(to), A", X\P¢h B, ~, n
Output: xM(t;), z5M(t1)

t < 0; x < x(to); z + z(to)

while condition=TRUE do

x*M(t1) < x
z5m(ty) « z
return x*M(t;), z5M(t;)

Simulating the co-evolution of networks and behavior

Algorithm 2:
Input: x(to), z(to), A", X\P¢h B, ~, n
Output: xM(t;), z5™(t1)
t <+ 0; x < x(to); z + z(to)
while condition=TRUE do
denet ~ EXp(n)\"Et)
dtbeh ~ EXp(n)\beh)
if min{dt"et dtbeh} = dt"t then
i ~ Uniform(1,...,n)
J ~ Multinomial(pj1, ..., Pin)
if i # j then
| x4 x(i~))
L t< t4dt"e
else

i ~ Uniform(1,...,n)
I" ~ Multinomial (py(; 1y, P s Pii+1))
if | # /" then

| z<z(I~1)

|t t+dtbeh

Xx5M(ty) + x
Z25m (1) « z
return x*M(ty), z5M (1)

dt"t ~ Exp(n\et)
beh beh
_dt e_ NE:Z(")‘b:h) et Select the level /I’ towards i
if min{dt"*,dt>*"} = dt"* then going to adjust his behavior
i ~ Uniform(1,...,n)
Jj ~ Multinomial(pj1,. .., pin)
if i # j then
L x <= x(i~J) =T fibeh P
¢
Lt t+dt™ 251 0017 0.017
else. ] 2 —2 0.052 0.052
:/~ Umforjm(l,....,n) 3—+3 0930 0.931
I" ~ Multinomial(py(; 1y, Py’ Pii41))
if I £ /" then
| z<z(I~1)
L t< t+dtheh

is



Simulating the co-evolution of networks and behavior Example

1. Unconditional simulation:
?imuITItion c_;larries {))n until a predetermined time length has elapsed Example data: excerpt from the “Teenage Friends and Lifestyle Study” data set
usually until t=1).

We will use the SAOM for the co-evolution of networks and behaviors to

2. Conditional simulation on the observed number of changes:
distinguish influence from selection.

- simulation runs on until

. 1. Do pupils select friends based on similar smoking behavior?
‘XO S U tO ’ — ‘XSIm(tl U(to)‘
1 2. Are pupils influenced by friends to adjust to their smoking behavior?

ij=1 ij=
1#j

Dependent variables: friendship networks and smoking behavior

- simulation runs on until ]
Covariate: gender

n
b .
> [ (0) - 2w = Yo [2(1) - 7(10)|
i=1 i=1
Precondition of the analysis Precondition of the analysis
2. there is interdependence between network and behavioral variables
an,-j(z,- -Z)(z—2)
I = ! Moran index
To find out whether it makes sense to analyze the data with a co-evolution <ZXU> (Z(ZiZ)Q)
i i

model one should check whether:
where Z is the mean of z over all the periods

1. the data are sufficiently informative

J= L >0.3 Jaccard index

N11+ No1 + Nig

Tie changes between subsequent observations:

periods 0= 0 0= 1 1= 0 1=> 1 Distance Jaccard Missing
1== 2 15827 237 240 208 477 0.304 0 (0%)
2 ==> 3 15839 228 209 236 437 0.351 0 (0%)| ’ , ,
-1 0 +1
L I\ J
i i
Negative auto-correlation Positive auto-correlation

No auto-correlation



Precondition of the analysis

The computation of the index [ for the data leads to

0.244 0.258

Conclusion:

there is considerable dependence between networks and behaviors

and it is reasonable to apply the SAOM

moranl <- nacf(netl,tobacco[,1],lag.max=1,neighborhood.type = "out",
type="moran",mode="digraph")

moran2 <- nacf(net2, tobacco[,2],lag.max=1,neighborhood.type = "out”,
type="moran",mode="digraph")

moran3 <- nacf(net3,tobaccol[,3],lag.max=1,neighborhood.type = "out”,
type="moran",mode="digraph")

moranind <- c(moran1[2],moran2[2],moran3[2])

Parameter interpretation: a baseline model

0.341

Parameter interpretation: a baseline model

Estimates s.e. t-score
Network Dynamics
constant friendship rate (period 1) 8.6287 (0.6666 )
constant friendship rate (period 2) 7.2489 (10.5466 )
outdegree (density) -2.4084 (10.0407 ) -59.1268
reciprocity 2.7024 (10.0823) 32.8337
Behavior Dynamics
rate smokebeh (period 1) 3.8922 (11.9689 )
rate smokebeh (period 2) 4.4813 (2.3679)
behavior smokebeh linear shap -3.5464 (10.4394) -8.0712
behavior smokebeh quadratic shape 2.8464 (10.3628 ) 7.8447

Network objective function parameters:

- outdegree parameter: the observed networks have low density

- reciprocity parameter: strong tendency towards reciprocated ties

Estimates s.e. t-score
Network Dynamics
constant friendship rate (period 1) 8.6287 (0.6666 )
constant friendship rate (period 2) 7.2489 (10.5466 )
outdegree (density) -2.4084 (10.0407 ) -59.1268
reciprocity 2.7024 (10.0823) 32.8337
Behavior Dynamics
rate smokebeh (period 1) 3.8922 (11.9689 )
rate smokebeh (period 2) 4.4813 (2.3679 )
behavior smokebeh linear shap -3.5464 (10.4394) -8.0712
behavior smokebeh quadratic shape 2.8464 (10.3628 ) 7.8447
Network rate parameters:
- about 9 opportunities for a network change in the first period
- about 7 opportunities for a network change in the second period
Parameter interpretation: a baseline model
Estimates s.e. t-score
Network Dynamics
constant friendship rate (period 1) 8.6287 ( 0.6666 )
constant friendship rate (period 2) 7.2489 (10.5466 )
outdegree (density) -2.4084 (10.0407 ) -59.1268
reciprocity 2.7024 (0.0823) 32.8337
Behavior Dynamics
rate smokebeh (period 1) 3.8922 (11.9689 )
rate smokebeh (period 2) 4.4813 (2.3679)
behavior smokebeh linear shap -3.5464 (10.4394) -8.0712
behavior smokebeh quadratic shape 2.8464 (10.3628 ) 7.8447

Behavioral rate parameters:

- about 4 opportunities for a behavioral change in the first period

- about 4 opportunities for a behavioral change in the second period



Parameter interpretation: a baseline model

Estimates s.e. t-score
Network Dynamics
constant friendship rate (period 1) 8.6287 (0.6666 )
constant friendship rate (period 2) 7.2489 (10.5466 )
outdegree (density) -2.4084 (10.0407 ) -59.1268
reciprocity 2.7024 (10.0823) 32.8337
Behavior Dynamics
rate smokebeh (period 1) 3.8922 (11.9689 )
rate smokebeh (period 2) 4.4813 (2.3679)
behavior smokebeh linear shap -3.5464 (10.4394) -8.0712
behavior smokebeh quadratic shape 2.8464 (10.3628 ) 7.8447

Behavioral objective function parameters:

attractiveness of different behavioral levels based on the current structure of

the network and the behavior of the others

Parameter interpretation: a baseline model

08

0.8

0.4

0.0

z-Z

B wave
B wave
= owave 3

no occasional regular

U-shaped changes in the behavior are drawn to the extreme of the range

Parameter interpretation: a baseline model

- Smoking behavior: coded with 1 for “no"”, 2 for “occasional”, and 3 for
“regular” smokers.

- The smoking covariate is centered: Z = 1.377 is the mean of the covariate

—0.377 for no smokers
zi—Z= 0.623 for occasional smokers
1.623 for regular smokers

- The contribution to the behavioral objective function is
- _\2
’Winear(zi - Z) + ’Yquadratic(zi - Z) =

= —3.5464(z; — Z) + 2.8464(z; — Z)?

A more complex model

The baseline model does not provide any information about selection and
influence processes:

- the network dynamics are explained by the preference towards creating and
reciprocating ties

- the behavior dynamics are described only by the distribution of the
behavior in the population

If we want to distinguish selection from influence we should include in the
objective functions specification:

- the effects that capture the dependence of social network dynamics on
actor's characteristic

- the effects that capture the dependence of behavior dynamics on social
network



A more complex model A more complex model

. , . Effects for the dependence of behavior dynamics on network
Effects for the dependence of network dynamics on actor’s characteristic

- pupils tend to adjust their smoking behavior according to the behaviors of

- pupils prefer to establish friendship relations with others that are similar to their friends — average similarity effect

themselves — covariate similarity

e O *—0

o O O—0O O O

This effect must be controlled for the sender and receiver effects of the
covariate.

- Covariate ego effect

® o— This effect must be controlled for the indegree and the outdegree effects
(O—s O - Indegree effect
- Covariate alter effect C . . .
o —@ - Outdegree effect

— = O—@ *—0

A more complex model A more complex model

Estimates s.e. t-score Estimates s.e. t-score
Network Dynamics Network Dynamigs _
constant friendship rate (period 1) 10.7166 (11.4036 ) constant friendship rate (period 1) 10.7166 (1.4036)
constant friendship rate (period 2) 9.0005 (10.7709 ) constant friendship rate (period 2) 9.0005 (0.7709 )
outdegree (density) -2.8435 (0.0572) -49.6776 outdegree (density) -2.8435 (0.0572) -49.6776
reciprocity 1.9683 (10.0933) 21.1077 reupr'o'uty ) 1.9683 (10.0933) 21.1077
transitive triplets 0.4447 (0.0322) 13.7964 transitive triplets 0.4447 (10.0322) 13.7964
sex ego 0.1612 (0.1206 ) 1.3368 sex ego 0.1612 (10.1206 ) 1.3368
sex alter -0.1476 (10.1064 ) -1.3871 sex a'lte'r ) -0.1476 (0.1064 ) -1.3871
sex similarity 0.9104 (0.0882) 10.3244 sex similarity 0.9104 (10.0882 ) 10.3244
smoke ego 0.0665 (10.0846 ) 0.7857 smoke ego 0.0665 (10.0846 ) 0.7857
smoke alter 0.1121 (0.0761 ) 1.4719 smoke alter 0.1121 (0.0761) 1.4719
smokebeh similarity 0.5114 (0.1735) 2.9479 smokebeh similarity 0.5114 (10.1735) 2.9479

Network objective function parameters:

tendency towards reciprocity, transitivity and homophily with respect to gender



A more complex model A more complex model

_ Estimates S-& t-score The contribution to the network objective function is given by:
Network Dynamics
constant friendship rate (period 1) 10.7166 (11.4036 ) _ _ |zi—z| .
constant friendship rate (period 2) 9.0005 (10.7709 ) Bego(2i —Z) + Batter(2j — Z) + Bsame (1 - TJ - Slmz) =
outdegree (density) -2.8435 (10.0572) -49.6776 |zi—z]|
reciprocity 1.9683 (10.0933) 21.1077 =0.0665(z; —1.377) +0.1121(z — 1.377) + 0.5114(1 — =~ — 0.7415)
transitive triplets 0.4447 (0.0322) 13.7964 ‘
sex ego 0.1612 (10.1206 ) 1.3368
sex alter -0.1476 (10.1064 ) -1.3871
sex similarity 0.9104 g 0.0882 g 10.3244 Zi/Zj no  occasional regular
smoke ego 0.0665 0.0846 0.7857
smoke alter 0.1121 (0.0761 ) 1.4719 no 0.0648  -0.0787 -0.2223
smokebeh similarity 0.5114 (0.1735) 2.9479 occasional  -0.1243 0.2435  0.0999

regular -0.3135 0.0543  0.4221

Network objective function parameters:

. . L. . . . - preference for similar alters
pupils selected others with similar smoking behavior as friends ) ] ) ) )
- this tendency is strongest for high values on smoking behavior

— evidence for selection process

A more complex model A more complex model

Estimates s.e. t-score Estimates s.e. t-score
Behavior Dynamics Behavior Dynamics
rate smokebeh (period 1) 3.9041 (1.7402) rate smokebeh (period 1) 3.9041 (1.7402)
rate smokebeh (period 2) 3.8059 (1.4323) rate smokebeh (period 2) 3.8059 (1.4323)
behavior smokebeh linear shape -3.3573 (0.5678 ) -5.9129 behavior smokebeh linear shape -3.3573 (0.5678 ) -5.9129
behavior smokebeh quadratic shape 2.8406 (0.4125) 6.8864 behavior smokebeh quadratic shape 2.8406 (0.4125) 6.8864
behavior smokebeh indegree 0.1711 (0.1812) 0.9444 behavior smokebeh indegree 0.1711 (0.1812) 0.9444
behavior smokebeh outdegree 0.0128 (10.1926 ) 0.0662 behavior smokebeh outdegree 0.0128 (10.1926 ) 0.0662
behavior smokebeh average similarity 3.4361 (1.4170) 2.4250 behavior smokebeh average similarity 3.4361 (1.4170) 2.4250

Behavioral objective function parameters: Behavioral objective function parameters:

U-shaped distribution of the smoking behavior indegree and outdegree effects are not significant



A more complex model

Estimates s.e. t-score
Behavior Dynamics
rate smokebeh (period 1) 3.9041 (1.7402)
rate smokebeh (period 2) 3.8059 (1.4323)
behavior smokebeh linear shape -3.3573 (05678 ) -5.9129
behavior smokebeh quadratic shape 2.8406 (10.4125) 6.8864
behavior smokebeh indegree 0.1711 (0.1812) 0.9444
behavior smokebeh outdegree 0.0128 (10.1926 ) 0.0662
behavior smokebeh average similarity 3.4361 (1.4170) 2.4250

Behavioral objective function parameters:
pupils are influenced by the smoking behavior of the others

— evidence for influence process

A more complex model

The contribution to the behavioral objective function is given by:

n

Viinear (2i —Z) + 'Yquadratic(zi ) + Yavsim Xir Z i(simz(ij) — simz) =

= —3.3573(z; — ) +2.8406(z; — 2)° +3.4361 ;- qu simgz(ij) — 0.7415)
foey 1 lzi=zl
where simz(ij) =1 o =1

Example
b) i adjusts his behavior to “no-smoker” when all of his friends are occasional
smokers

=05

sima (i) =1— 152

—3.3573(1 — 1.377) +2.8406(1 — 1.377) + 3.4361(0.5 — 0.7415) = 0.84

A more complex model

The contribution to the behavioral objective function is given by:

n

'Ylinear(zi - 2) + 'Yquadratic(zi ) + Yavsim Xit Z s’mZ(U - s:mz) =

= —3.3573(z; — Z) +2.8406(z; — Z)* +3.4361 ;1 2 xji(simz (ij) — 0.7415)
where simz(ij) =1— % -1

Example

a) i adjusts his behavior to “no-smoker” when all of his friends are no-smokers
simz(ij)=1— @ =1

—3.3573(1 — 1.377) +2.8406(1 — 1.377) + 3.4361(1 — 0.7415) = 2.56

A more complex model

The contribution to the behavioral objective function is given by:

n

Viinear (2i — Z) + 'Yquadratic(zi ) + Yavsim Xir Z i(simz(ij) — simz) =

n
= —3.3573(z —2) +2.8406(z; — 2)° +3.4361 ;- " x;;(simz(ij) — 0.7415)
j=1

where simz(ij) =1— % -1

Example

b) i adjusts his behavior to “no-smoker” when all of his friends are regular
smokers

simg (i) =1- 1131 =

—3.3573(1 — 1.377) +2.8406(1 — 1.377) + 3.4361(0 — 0.7415) = —0.88



A more complex model

The contribution to the behavioral objective function is given by:

n
Viinear(2i —Z) + 'Yquadratic(zi - 2)2 + Yavsim i Z XU(SimZ(ij) —simz) =
j=1

= —3.3573}ne (2 — Z) + 28406 guadraric (2 — ) + 3.4361 1 Zx,,(s,mz(u) 0.7415)

z [ z no occasional regular
no 2.56 -1.82 -0.51
occasional 0.84 -0.10 1.20
regular -0.88 -1.82 2.92

- the focal actor prefers to have the same behavior as all these friends
(except for the occasional smokers)

- friends do not smoke at all: the preference toward imitating their behavior
is less strong

The parameter estimation (MoM)

We can estimate the 2M 4 K + W-dimensional parameter 6 using the MoM
In practice:

1. find 2M + K + W statistics

2. set the theoretical expected value of each statistic equal to its sample
counterpart

3. solve the resulting system of equations
Eg[s — 5] =0

with respect to 6

The parameter estimation (MoM)

Aim: given the longitudinal data

(x,2)(t0),---,(x,2)(tm) Vi,...,Vy

estimate the parameters for the co-evolution model

- M rate parameters for the network rate function

)\net )\net

- M rate parameters for the behavior rate function

A{Jeh )\beh

- K and W parameters for the network objective function and for the
behavior objective function, respectively

w

K
K 2v) =) Bsic (< azv) T (xz) =) wsi (x, 2 v)

w=1

The parameter estimation (MoM)

Statistics:

- Network rate parameters for the period m

SR (X (tm), X (tm—1)|1X (tm—1) Z|x,, tm) — Xj(tm—1)]
i,j=1

- Behavior rate parameters for the period m

K (Z(tm), Z(tm—1)| Z(tm-1)) ZIZ tm) — Zi(tm_1)|



The parameter estimation (MoM)

Statistics:

- Network objective function effects

M M
ot (X, Z,V)(Em) (X, Z, V) (Em-1)) = > spet((X,Z,V)(tm), (X, Z, V) (tm-1))
m=1 m=1

- Behavior objective function effects

M M
D S ZV)(Em)(X,Z, V) (tmo1)) = > sheb((X,Z,V)(tm), (X, Z, V) (tm-1))
m=1 m=1

The parameter estimation (MoM)

Example
Let us assume to have observed a network at M = 3 time points

2 2

4 4 4
>

—& ®

t0 t1 tl
1234 beh 1234 beh 1234 beh
1/-]1]0{0 o] 1|-|1]1]0 1 1|-{1|0]1 2
2(1]-]0f1 1 201 01 1 2(1 01 2
3|0/0|-]0 2 3|0/0]-[0 2 3/0/0]-]1 1
4/0/0]1]- o] 4|0)1]0]- 1 410 1)- 2

We want to model the network evolution according to the outdegree, the
reciprocity, the linear shape and the quadratic shape effects

net ynet \beh \beh
0= ()\ JA2 AT, A 7Bout7ﬁrea’Winearv’Yquadratic)

The parameter estimation (MoM)

Consequently the MoM estimator for 6 is provided by the solution of:

Ep [s7¢ (X(tm), X (tm—1) [ X (tm—1))] = s3 (x(tm), X(tm-1)) m=1,...,M

Ep [s5M (Z(tm), Z(tm—1)|Z(tm-1))]| = 2P (2(tm), 2(tm-1)) m=1,....M

M M
|:an&‘ (X Z, V (tm):| anet X Z,V)(tm)) k:l,...,K

1 =1

M M
{Z sbeh((X,Z, V)(tm)))] = > sbeh((x,2,v)(tm)) w=1,... W

1 m=1

The parameter estimation (MoM)

Example
Statistics for the network evolution:

sxper (X (1), X (t0)[ X (o) = x(t0)) = Z!XU t1) — Xjj(to)|
ij=1

sxgee(X(t2), X (81)| X (1) = x(11)) = Z |Xij(£2) — Xij (1) |

ij=1
M—1 2 4
> Sout (X(tm)|[ X (tm—1) = x(tm-1)) = >° >_ Xij(tm)
m=1 m=1i,j=1
M-1 2 4
E rec tm |X(tm l) =X tm 1 Z Z tm le(tm)
m=1 m=1i,j=1



The parameter estimation (MoM) The parameter estimation (MoM)

Example
Example
Statistics for the behavior evolution:
4
syeen(Z(t1), Z(t0)|Z(t0) = 2(t0)) = > |Zi(t1) — Zi(to)| ./’
i:]. 4 4 4
4 ® >
t t t
S>\§eh(Z(i‘2),Z(tl)‘Z(t1) :z(tl)): Z ‘Zi(t2)7zi(t1)| 12 304 beh 12 314 beh 12 324 beh
i=1 1[-]1]o]0 0 1/-]1]1]0 1 1[-]1]of1 2
ofil-Jo[1] 1 aal-Jola] 1 oal-Jola] 2
sfolol-lo] 2 3folo]-lo] 2 afofol-[1] 1
2 4 alolo[1]- 0 alol1]0]- 1 alol1]1]- 2
Z Stinear (Z(tm)|Z(tm—1) = z(tm—1) Z ZZI (tm)
m=1i=1 Syret =3 Synet =4
1 2
2 4,
Z Squadratic (Z(tm)lz(tm 1) =z tm 1) Z Zzi (tm) s)\fe" =2 s)\ge" =4
m=1i=1
Sout =b+7=12 Srec =4+6=10
Siinear =5+7 =12 Squadratic = 74+13=20
The parameter estimation (MoM) The parameter estimation (MoM)
Example

We look for the value of 8 that satisfies the system:

Ep [SAH =3
In a more compact notation, we look for the value of 6 that satisfies the

Eo [SA”“ system:

E9[5—5]20

but we know that we cannot solve it analytically.

Ey |:5/\beh]
Ey |:5/\beh]

The soultion is again provided by the Robbins-Monro algorithm.
Ey[Sout] =12

Ey[Srec] = 10

Eq [Slinear] =12

Ey [Squadratic] =20



Outline Creating and deleting ties

Terminating a tie is not just the opposite of creating a tie

Example

- the loss in terminating a tie is greater than the reward in creating one

- transitivity plays an important role especially in creating ties
Something more on the SAOM y play P P y &

This is modeled by adding to the objective function one of the two components:
1. the creation function

2. the endowment function

The creation function The endowment function

Models the gain in satisfaction incurred when a network tie is created: Models the loss in satisfaction incurred when a network tie is deleted

ci(6.) = > dsi(x) ei(mx) = msiu(x)
k k

where where
- 0y are statistical parameters - 7 are statistical parameters
- sik(x) are the effects - sik(x) are the effects
The utility function for an actor i when he creates a new tie is provided by: The utility function for an actor i when he deletes a tie is provided by:
ui(x) = fi(B,x) + ci(d, x) +€i(t, x,j) ui(x) = fi(B,x) + ei(n,x) +€i(t, x,j)

The creation function is zero for the dissolution of ties The endowment function is zero for the creation of ties



Creating and deleting ties - Remarks

- creation and deletion functions must not be included when ties mainly are

created or terminated

- it could also happen that increasing a behavior is not the same as

decreasing a behavior. Thus, there are also:

1. the creation behavior function

2. the endowment behavior function

but their usage is still under investigation

Creating and deleting ties

Example

Estimates s.e.  t-score
Rate parameters:
Rate parameter period 1 6.70 0.73
Rate parameter period 2 581 0.58
Other parameters:
outdegree -2.58 0.05 -51.62
reciprocity 3.23 0.29 11.15
reciprocity (endow) 223  0.58 3.85
transitive triplets 0.44 0.03 14.55

The utility function for an actor i when he deletes a tie is provided by:

u,-(x)

= _2-5851,out (X) + 3-235i,rec(x) + 0-4451‘7"3'5 (X) - 2'235"7@‘? (X)

fi(B,x) + ei(n,x) +€i(t, x,j) =

ﬁoutsi,out(x) + Brecsr',rec(x) + Btrans Si_trans (X) + NrecSi_rec (X)

Creating and deleting ties

Example
Example data: excerpt from the “Teenage Friends and Lifestyle Study” data set

We estimate the SAOM for investing the evolution of friendship networks
according to:

- outdegree
- reciprocity
- transitivity

- reciprocity for the endowment function

myeff < — includeEffects(myeff,transTrip)

myeff < — includeEffects(myeff,recip, type="endow")

myeff

mymodel < — sienaModelCreate(useStdlInits = FALSE, projname = 'tfls’)
modell < — siena07(mymodel, data = mydata, effects=myeff,useCluster=TRUE,
nbrNodes=2, initC=TRUE clusterString=rep("localhost”, 2))

Creating and deleting ties

Example
Estimates s.e. t-score
Rate parameters:
Rate parameter period 1 8.44 0.73
Rate parameter period 2 7.09 0.58
Other parameters:
outdegree -258 0.05 -51.62
reciprocity 3.23 0.29 11.15
reciprocity (endow) 223 0.58 3.85
transitive triplets 0.44 0.03 14.55
Ties formation /deletion
-2.58
o o *—0
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Creating and deleting ties

Example
Estimates s.e. t-score
Rate parameters:
Rate parameter period 1 8.44 0.73
Rate parameter period 2 7.09 0.58
Other parameters:
outdegree -2.58 0.05 -51.62
reciprocity 3.23 0.29 11.15
reciprocity (endow) 223 0.58 3.85
transitive triplets 0.44 0.03 14.55
Reciprocation/ending reciprocation
+0.65
*—0 *—0

Creating and deleting ties

Example

Ties formation/deletion

-2.58 +0.65

Reciprocation/ending reciprocation

" T 2

Conclusions:

1. formation of reciprocal ties is more rewarding than the formation of a
non-reciprocal tie

2. dissolution of reciprocal ties is more costly than the dissolution of a
non-reciprocal tie and the creation of a reciprocal tie



Non-directed relations

For directed relation we assumed that:
1. an actor gets the opportunity to make a change

2. he decided for the change that assures him the highest payoff

=]

L2 Are this assumptions still reliable when we consider undi-
rected relations such as: collaboration, trade, strategic
alliance?

- Yes, if one actor (dictator) can impose a decision
about a tie to another

- No, if there is coordination or negotiation about a
tie

Non-directed relations

1. Dictatorial choice: i chooses his action and imposes his decision to j

Actor 1 evaluates the alternatives and the corresponding objective functions
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Non-directed relations

1. Dictatorial choice: i chooses his action and imposes his decision to j

Actor 1 gets the opportunity to change
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Non-directed relations

1. Dictatorial choice: i chooses his action and imposes his decision to j

E.g. actor 1 imposes his choice to actor 2
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Non-directed relations Non-directed relations

2. Mutual agreement: both actors must agree 2. Mutual agreement: both actors must agree
Actor 1 gets the opportunity to change Actor 1 evaluates the alternatives and the corresponding objective functions
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Non-directed relations Non-directed relations

2. Mutual agreement: both actors must agree 2. Mutual agreement: both actors must agree

Actor 1 suggests to modify the tie towards actor 2 Actor 2 evaluates the proposal of actor 1
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Non-directed relations - Tie-based approach

A couple (i,/) of actors is selected with rate \;; and gets the opportunity to
revise the tie among them

1. Dictatorial choice: one actor can impose the decision (e.g. actor 1)
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Non-directed relations - Tie-based approach

A couple (i,j) of actors is selected with rate A; and gets the opportunity to
revise the tie among them

2. Mutual agreement: both actors propose a tie
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Non-directed relations - Tie-based approach

A couple (i,/) of actors is selected with rate \;; and gets the opportunity to
revise the tie among them

1. Dictatorial choice: one actor can impose the decision (e.g. actor 1)
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Non-directed relations - Tie-based approach

A couple (i,j) of actors is selected with rate \;; and gets the opportunity to
revise the tie among them

3. Compensatory: the decision is made on the combined interest
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And others...

- Improving the estimation procedures (MLE)

- New estimation procedures (bayesian estimation)
- Goodness of fit of the model

- Model selection

- Time-heterogeneity tests

- Missing data

- Analysis of multiple relations

Recap: ERGMs

ERGMs are models for cross-sectional data:

they return the probability of an observed graph (network) G € G as a function
of statistics g;(G) and statistical parameters 6;

Examples of statistics g;(G) are:

e N L

edges triangles 2-stars

Outline

ERGMs and SAOMs

Recap: ERGMs

ERGMs are also defined for directed graphs:

the mathematical formulation is the same but the effects take into account the
direction of ties

Examples of statistics g;(G) for a directed network are:

RIRRVANY

edges reciprocal transitive 2-in-stars
dyads triads



Recap: SAOMs

SAOMs are models for longitudinal data:

SAOMs try to explain the evolution of the network over time, assuming that
network changes happen according to a continuous-time Markov chain
modeled by:

- the rate function A\

- the objective function
K
F(B,x(I~ ) visvi) = Y Bsi(x(i~ )
k=1

where the statistics sy (x(i ~ j)) are:

*—0 06—0 —0

edges reciprocal transitive 2-in-stars
dyads triads

Background: intensity matrix

Definition

Let {X(t),t € T} be a continuous-time Markov chain whose transition
probabilities are defined by:

P(X(tj) = x|X(t) = x(t),Vt < t;) = P(X(t;) = x| X(t;) = x)
for each pair (x,x).

There exists a function g : XX x X — R such that

~ e P(X(t+dt)=x|X(t)=x)
90x%) = am, dt
o P(X(t+dt)=x|X(t)=x)—1
abex) = Jim, @

The function g is called intensity matrix of the process.

The element g(x,Xx) is referred to as the rate at which the process in state x
tends to change into x

SAOMs and ERGMs

b Although ERGMs and SAOMs have different aims and
“ require different data, the same statistics are used as
explanatory variables in both models.

This might suggest the existence of a
“statistical” relation between ERGMs and SAOMs

1,

We are going to prove that:

1. ERGMs are the limiting distribution of the process
described by a certain specification of SAOMs

2. ERGMs are the limiting distribution of the process
described by a tie-based version of SAOMs

Background (recall):
limiting distribution

Definition

The limiting distribution P of a continuous-time Markov chain {X(t),t € T}
is defined as

Pr= lim P(X(4j) = xIX(t) = x)

X

Therefore, the limiting distribution of {X(t),t € T} is the distribution that
describes the probability of jumping from x to X in the long run behavior of the
process .

P; is also the stationary distribution of the process



Background (recall):
irreducible aperiodic Markov chain and limiting distribution

Definition

A continuous-time Markov chain is irreducible if there is a path between any
states x and x

A continuous-time Markov chain is aperiodic greatest common divisor of the
length of all cycles equals one.

Theorem
If {X(t),t € T} is an irreducible and aperiodic continuous-time Markov chain
and the detailed balance condition holds

Px-q(x,x) = Px-q(x,x)

then P is the unique limiting (stationary) distribution of {X(t),t € T}

ERGMs and SAOMs

The rate and the objective functions define a continuous-time Markov chain on
the set X.

The associated intensity matrix g of the process is:
L, . P(X(t+dt) = x(i~ j)|X(t) = x)
lavrd = I
q(x,x(i~ j)) Jim pn
= Aipj = exp(B's(x(i~ j))

X(2)
—
qkm\#\m l 2 13))
° ol Pl qr’({:”),x(z )
d == —0
< l alx(1).x(3)) Ilx
=
4 q(x{(3)x(1)) =zl | &
X(1) y “
q
XM1)xpg )) —0 Ao A30 X(3)
9lx{. 4).x(1 ) l o AB) ,ﬁ\?ﬂ\

ERGMs and SAOMs

Let us now consider a particular SAOM:

- objective function for each actor i
K
F(Bx(~ ) = 3 Besilx(ine ) = B's(x(i ~> 1))
i=1

- rate parameter for actor i

3

Ai = exp (ﬁls(x(i«» h)))
h=1

i.e., actors for whom changed relations have a higher value, will indeed
change their relation more quickly.

Computing the limiting distribution of SAOMs

We can prove that ERGMs

K
PX =)= — (&) _ op(8's(x)
k(0) K(0)

are the unique stationary distribution of the SAOM defined before

Proof

1. Existence of a unique invariant distribution
- q is irriducible: each network configuration can be reached from any other
network configuration in a finite number of steps

- g is aperiodic: at each time point t an actor i has the opportunity not to
change anything and, thus, the period of each state is equal to 1



Computing the limiting distribution of SAOMs SAOMs for non-directed relations - Tie-based approach

A couple (i,/) of actors is selected with rate \;; and gets the opportunity to
revise the tie among them

Proof (continue) Joint decision: the decision is made on the payoff deriving from the tie
2. ERGMs are the stationary distribution of Q 8
In fact, given two states x and x(i~ j) of {X(t),t € T} the balance equation ‘/_5 2l Tolo
holds when ERGMs is the stationary distribution: a / NOnne
/ / “@ x (+12)
)4 @
i35 &8
L exp(B's(x(i~j
Py(iojy - a(x(i~ j),x) = ( n((e() ) -exp(B's(x)) E \ R
, 1234 ‘—/5 % Z é ; ?
1[-]0f1]0
= SPTSD o s(xine ) 2L Julg &
K(G) afofo[1]-
X = current state
= qu(X,X(I’v)_j)) of the network

Actor 1 and 2 choose their action with probability

112y exp(fio(xT1?)

P = e 12)) + explfia(x12))

SAOMs for non-directed relations - Tie-based approach SAOMs for non-directed relations - Tie-based approach

We assume that
- each dyad (7,j) can be selected with the same rate A
- the objective function is: Assuming that at each time point only one pair (i,j) can be selected,

the rate function A and the objective function fj;(3,x) define
a continuous time Markov-chain with intensity matrix Q:

K
f(B,) = Busiiu(x) = B'six
=1

a(x,x Ty = Ap(x Iy = X op(B'5,(0 ")

where sjj(x) are statistics such as xp(B5; (1)) Fexp(B/s; (7))

iy (8 55(x )
g0 x71) = Ap(x) = A e G exe(3 5 )

o—o

) The limiting distribution of q is again ERGMs
edges triangles 2-stars

but considered from the point of view of each pair (/,;) instead of the
point view of a certain actor.



Computing the limiting distribution of tie-based SAOMs

Proof

1. Existence of a unique invariant distribution

- q is irriducible: each network configuration can be reached from any other
network configuration in a finite number of steps

- q is aperiodic: at each time point t a pair (i,j) has the opportunity not to
change anything and, thus, the period of each state is equal to 1

Computing the limiting distribution of SAOMs

Proof (continue)

2. ERGMs are the stationary distribution of Q

In fact, given the two states x 7 and x*% of {X(t),t € T} the balance
equation holds when ERGMs is the stationary distribution:

Px—iiq(x_ijzx-Hj)

B’ s(x~ 1) &8 si(x )

A- _ _
1(0) /s | gB'si(x—7)

eB's(x7U)7B/s(x+ﬁ)+3'5(x+ﬁ) A
x(0) 1+ el sy(x 1) — Brsy(x )
eB's() eB's(x1)—p’s(x )

A — =
x(6) 14 eB/si(x 1) =B s;(x*1)

B's(xH) &B'si(x )

A- _ _
ISR B0 | B sy 1)

= Pei-q(x™,x77)

() B's(x7¥)—B's(x*Y)
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