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You are permitted and encouraged to work in groups of two.

Problem 1: Minimum Cut 6 Points

(a) Find a minimum cut for the following graph with the algorithm of Stoer and Wagner.
Start with vertex a and comment each step of the algorithm.

2 @ 2 @ 4

(b) Which conclusion in the proof of correctness of the algorithm of Stoer and Wagner
requires non-negative edge weights?

(¢) Find an example graph with negative edge weights such that the algorithm of Stoer and
Wagner does not find a minimum cut.

Problem 2: All-Pairs-Min-Cut 6 Points

Let G = (V, E) be a graph with n vertices and edge weights ¢ : E — R. For two vertices s
and t in G let Ag be the weight of a minimum s-t-cut in G.

(a) Let vy, vg,...,vr be a sequence of vertices in G. Show that
Avi,o, 2 TR{ vy s Avg s - - o5 Avg_y o -

(b) Consider now the complete graph with vertex set V' and edge weight —\,,,, on the edge
{u,v}, u,v € V. Let T be the minimum spanning tree on the thus weighted complete
graph. Show that for any pair of vertices s,t € V there is an edge {u,v} in T with
As,t = Au,v-

(c¢) Conclude that the w pairs of vertices s,t € V have at most n — 1 distinct values Ag;.

[please turn over]



Problem 3: Crossing Cuts 4 Points

Let G = (V,E) be a graph with edge weights ¢ : E — R and let A be the weight of a
minimum cut of G. Let (S,V '\ S) and (7, V \ T') be two minimum cuts of G such that none
of the four corners SNT, S\ T, T\ S and V \ (SUT) =: SUT is empty. Proof that
c(SNT,SUT)=¢(S\T,T\S)=0and ¢(SNT,S\T) =c(S\T,SUT) =c(SUT, T\ S) =
o(T\ S, 8NT)=N/2.

Problem 4: Vertex Capacities 4 Points

Let ((V, E); s, t; ¢) be an extended flow network where not only edge capacities, but also vertex
capacities are constrained, i.e., ¢ : EUV — Rg and a flow f : F — Rg must satisfy, in
addition to the edge capacity constraint and the flow conservation constraint, the following
vertex capacity constraint

Z f(w,v) < c(v) for all v e V.
w:(w,v)EE

Show that determining a maximum flow in a network with additional vertex capacities can
be reduced to determining a maximum flow in a network with only edge capacities.



